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INTRODUCTION

The second = order ordinary differential equations are frequently encountered as
mathematical models of most dypumic processes in eleciromechanical systems. Rines
these equalions are only of the second order.we would naturally be inclined to compute
their selutions explicitly or numerncally . However, as we Know from practice, there are
very few such equations, e.g., linear equations with constant coefficients, for which this
can be effectively done. In most instances, this can be accomplished only under very

restrictive conditions.

Theretore, the problem there for is 1o lind those techniques that will be uscful in

oblaining seme qualitative information about the elusive solulions ol these equations.

The qualitative study concerning the oscillation problem of secomd — order linear
dilferential equations originated in the classic paper of Sturm [35] . owever, many
authors use some different techniques in studving the oscillalory behavior ol the second —
order linear differential equations especially what so -called averaging techniques that

dates back to works of Wininer [37] and its generalization by Hartman |135] .

The problem of determiming oscillation critena [or second order nonlinear
dilferential equations has received a great deal of attention in the twenty years following
the publication of the new-classie paper by Atkinson [2]. The study of the oscillation of
second — order nonlinear ordinary ditferential equations with alternating coelficiens is of
special interest because of the fact that many physical svstems are modeled by second-
arder nonlinear ordinary ditferentinl equations. for example, the so —called Emden -
Fowler equation arises in the study of gas dynamics and fluid mechanics. This equation
appears alse in the sludy of relanvistic mechanics, nuclear phiyvsics and in the study of
chemically reacting systems. The averaging technigues are used, also, in study of the

nowihinear oscillations.

[n this these we consider the problem of determining oscillation and boundness

crilena for the second order nonlinear perturbed differential equation of the form:



(r{r)ﬂx(r))ﬂi{u}J + (Ol = H (5, 2(),x(1) )

Our results are [airly sharp will be illustrated by some examples, We apply the

averaging wechnique to discuss the oscillation of this equation.

In many instances our resull will include, as special cases, known oscillation

thearems for less peneral equations.
We divided the thesis into three chapters as follows:

Chapter (1) This chapter is an introductory chapter and it deals with the problem of
oscillation of second — order ordinary differential equations. 1t contains some basic
defimtions, elementary results that will be used throughout the next chapters and most of
the main results of oscillation for the second order erdinary differential equations that can

be found in the Literatures.

Chapter (2)  This chapter is devoted to the study o the vscillation of the equation (I3

with H(z.x(1) x(6) = 0.

The oscillation criteria that obtained in this chapter contains s special case some of the

earlicr results that can be found in the literature for the equation (Eywith

A x50y = 0 and for particular forms and this resolts will be illustrated by some

examples.

Chapter (3)  This chapter is devoted 10 the study of the boundness and the oscillation of
the sceond = order ordinary differential equation (). Some oscillations criteria for
solutions of (E) with alternating cocfficient are given. The results extend and improve
some resuits of oscillation that obtained before and these results will be illustrated by

some examples,



CHAPTER (1)

OSCILLATION OF THE EQUATION

1.1 Introduction

In this chipter we study the ascillation of the solutions ot the sevond onder

ordinary differential equations of the form ;

jr'(r) +4(f)x(t)=0

[r(:)h;)) L) =0

:(r}+ gitigix(iN =0
(r(;)im] +@{ng(x(n) =0
[r(f)‘i‘(x(!}];[r}] +g() L) =0

'x'(r}+ g(1) g(x{r))= p{t)

Where 1, ¢ and p are continuous functions on [rn,m) and Y and g are continuous

functions on R,

(Ey)

(Ez)

{Es)

{F4)

(Fs)

{Ee)



Section 1.2: Thes secnion contains basic delinitions and ¢lementary results that will be

used throughout the next chapters.

Section 1.3; This section is devoted 10 the oscillation of equation (£,).
Section 1.4: This section is devoted to the oscillation of equation (£, ).
Section 1.5: This section is devoted to the oscillation of equation (£,).
Section 1.6: This section is devoted to the oscillation of equation (£,).
Section 1.7: This section is devoted to the oscillation of equation (£,).
Sevtion 1.8: This scetion is devoted to the oscillation of equation ().

The oscillation properties of the second order dilferential equation have been the

subject of interest of many awthors since the early paper by Fite [10].

The investigation of the oseillation of (E) may be done by following many directions,

many of these. often consider the way of determining “integral tests * involving function

g in order 1o obtain oscillation criteria ,whenever J is writlen it is o be assume that

=lm

f— =

[N

and that this limit ¢xists in the extended real number [— m,m].

1.2 PRELIMINARY RESULTS AND DEFINITIONS

Diefinition 1,2.%

A pointt= 7 2 015 called a zero of the solution x{r) if x(r1=0.



Definition 1,2.2

A solution x(r} will be called non eseillatory if there exists a point £ 2 O such that

x(#y= 0 Vi 2, and x(¢)will be called oscillatory if it has no last zero.

Definition 1.2.3

{a) 1t'all the solutions of a dillerential equation are oscillatary, then, eguation is

called oscillatory.
{#) The equation is called non oscillatory if (a) is false.

Some important elementary cscillation cnteria are derived using the following

famous Sturn’s Comparison.

Theorem 1,2, 18 mrm’s Comparison theorem ) 133

Let #(0 =0 and g, (g, () and #{t) be continuous functions on (. 5)

Assume that x{t). v(¢} are real solutions of

[r(:)}(;))' +g,(Nx()=0 (1-1)

[r(r]_;-'(r)] + g, (3N =0 (1-2)

Ruspectively on (e, 5). Further, let g, {2) 2 ¢, (1) for ¢ e (a.b).then between any two
conseculive zeros f,.1, of x{r)in («.b) there exists at least one 7ero of y(i)unless
g, ({1 =q,(7) on ["r"z]- Mareaver, in this case the conclusion is stil] true il the solution

y(t) 15 hinearly independent of x(¢).

L



Theprem 1.2.1 states, as a special case. that il ¢, (1) =g, (ry=¢{f) and x{r).v{r) are
twar linearly independent solutions of (£, ), then between any two consecutive zeras of
y(£y(or x{r)ythere exists at least one zere of x{£){ or y(t)). 5o the zeros of x(ryand »{s}

separate cach vther. Therefore, the following result s directly satislied.

Corildbary 1.2.1

The equation of the form (£,) 15 either oscillatory or non oscillatory that is, any one

of these equations can not bave both oscillatary and non oscillatory solutions.
An immudiate consequence of Theorem 1.2,1 1s the following resal,

Corollary 1.2.2

Assuming the same condilions of theorem 1.2.1then,
(2} 1f equation (1-1) is oscillatory. then equation {1-2) is also oscillatory.

(b} If cquation {1-2) is non ascillatory, then equation (1-1) is also non oscillatory,

Since the equation x+ m’x =0 is oscillatory, using the above corollary, we have
Corollary 1.2.3

W) 2 m? >0, then x+g(fix =0 is oscillatory.

Definition [.2.4
The differential ¢quation (£, .12 3} is called:

(1} Sub linear if the function g satisfies that



O0< |— <o anmd ﬂ-f. —-::m Yol
T el 3 &lw)

(2} Super linear if the function g satisfies that

< du and 0 < —{-{H—{m Y=
SR}

The following theorem {1.2.2) is quit useful element in our study in the following

chapters.

Thewrem 1,2.20The Bonnet theorem) |3

Supposc thal his continueus function on [.::,h] and g2 is non begative [unction on

[nr.b] :
if o is increasing function on [a.b]. then there exists a point ¢ € [¢. 5] such that

Jp{x}ﬁ[x]tﬁ = p(b) Jh{s) s

If pis decreasing function on [a.5]. then there exists a point ¢ e [a.5] such that

*

I ARy = pla) ]h{ §)ely

This theorem is a part of the second mean value theorem for integrals [3].

1.3 The oscillation of (£))

This section is devoled to the oscillation enteria for the second order linear
differential equation of the form (£,). the oscillation of equation { £, ) has brought the

attention of imany authors since the early paper by liite [10}],



Among the numerous papers dealing with this subject we refer in particular to the

following:

Theorem 1-3-1 Fite [10] Suppose that q is a positive function on [fﬂ.m] and

hm |g(s)dfs = oo,

rII
Then equation (£, }is oscillatory.

The following theorem extends the results of Fite 10 an equation in which g is of

arbitrary sign.

Thewrem 1-3-2 Wintener [37]

f
[flim- fe-srg(syde=on .
l—-u‘a;
i

Then cvery solutions of equation (&, )are oscillatory.

Example 1.3.1 consider the following diflerential equation

Y} + {7+ 5cos0)x{() =0 LAzl
Theorem 1-3-2 ensure that the given cquation s oscillatory. how ever Theorem
1-3-1 we can not use it here.

In the following, Kamenev [16] as proved & new integral criterion for the oseillation
of the differential equation (£, ) based on the use of the # th primitive of the coefficient.

gft), which has Wintner's result {37] as a particular case.



Theorem 1-3-3 Kameneyv|16]

r—x

i)
If |i|‘n.‘il1p—'|: _f(r ~5)""'g($Yds =, for somenz 3,
f
L]

then equation (£,) 1s oscillatory.
Philos [26]) improves the bove Kameny's result.

Theorem 1-3-4 Phios[24]

l.et o be a positive continuously differentiable function on the interval [lf,:,m) such

thai

r =3 .
{i) limsup "]_I _l-“ $) j_(n— l]p(s)—{.*—s)p(x}]ds < o for some integer n2 3.
{-®m r‘

G
1 )
(1) lim SLlpFT I{f — )" p(adyis ey = oo,
]

then equahion (£, }1s oscillatory .

Remark 1-3-1

By setting p{r) =1in the above theorem 1-3-4, theorem1-3-4 leads 10 Kamenev's

result [16] {theorem 1-3-3} for equation (£, ).
Yan [41] resented another new escillation theorem for equation (£).

Theorem 1-3-5 Yan[41]

Suppose that



: 1’ n . N
lio sup—- j{f - 51"V g )eds < oo for some integer st =3
f3m ¢ .

fa

Let €2{r) be a continuous function on {rﬂ._ao] with

]iminf%l- [(r—.-r]l""qr(.w}cf.-.'z!.'l{?'} forevery F 21,
JER.

fabm
T

lim [Q, (5)ds = o0 . where Q, (1) = max{{2(1).0}, 1 2 1,.
=2 -

then equation (£))is oscillatory .
Philos [30] extended the Kamenev's result [16] as follows

Theorem 1-3-6 "hilos] 20]

Let 11 and h be continuous lunctions,
hEED =jrs)itzsze > R,

and 1 has a continuous and non positive partial derivative on with respect to the second

variable such that
Hin=0 forrzt, HHs)>0 forr=szi,.

and
%EII{I,.!:} = (e, 80 H ) for all (r8)e D
v

then equation (£, }Hs oscillatory. 1f

10



J’ ¥

lim . u) L (1. sjq(i)——h {i. »]]

lim uup

Als0. Philos [30] extended and improved Yan's result [41]in the following theorem

Theorem1-3-7 Philos[31)]

l.et H and h as in Theorem 1-3-6. Moreover, suppose that

o <infliiminf 2295 e oo ang
12hy| 1~z Hii.,

limsup

=

!
_fhz{.*,s]a‘.-: <on
Assume that £2(1) as in Theorem [-3-5 with

lim jn (5)eds =

f=+3

f
!Ln: sup HT) J]:H{f..l')q(.‘i} - %hz [r..ﬂ]:ﬁa (T Jor everyT 24,

then equation (£))is oscillatory.

Remark 1-3-2

An though there is an extensive literuture on the tapic of oscillition criteria of

{E, yno completely satisfactory answer has vet been obtained because, as for as we
know, necessary and sufficient conditions ensuring the oscillation of (£,),in which only

the function ¢ is involved do not appear in the literature,

11



1.4 the oscillation of (£,)

This section is devoled to the study of the oscillation of the equation {£,).Tt is of
interest to discuss conditions on the alternating coeflicient ¢igjwhich are sulficient for all

solution of (£, )10 be oscillation.

An interestng case is that of finding oseillations criteria of {£,)which involve the
avernge behavior of the integral of g. This problem has received the attention of many

authors i recent vears.

Among numerous papers dealing with such averaging thechniques in the oscillation

of {E7), we choose 10 mention to the following :
Moore [21] gives the following oscillation criteria for (E3).

Theorem 1-4-1Manre [21)

I the function . satisties p e o [fu_m),p{r] > 0,

! oy
lim j—z—: 2
e ()7 ()
and

fim J{ﬂis)(r(.»-};fw{.s-n' +p(.s-)c;t.s-1]ds = .

then cquation (£, his vscillatory,

In fact, Emil Popa [32] extends Kamenev's oscillation criterion 1o apply on equation

of the form (£,). he proved the following two theorems:

12



Theorem 1-4-2 Papa [32]

Suppose that {1} 15 bounded above and
Ilm sup— I{r - 53" g(5)ds =
then equation (£, )is escillatory.

He proved also that :

Theorem 1-4-3Popa [32]

’( ) be bounded and

rl::'

llmqup ! I(I—,ﬂ')"‘l%dﬁ'

fandy
fy

then equation (£, }is oscillatory,

1.5 the oscillation of (£,)

. 1s an inleger, i > 2 |

=00, N is an integer, ## > 2 |

This section is devoted to the oscillation eriteria for the second ordet fon linear

differential equation of the form {£,)

The oscillation of equation (£,) has brought the attention of many authors sinee the

early paper by Alkinson [2]. The prototype of equation (£,) is so called the Emden-

Fowler equation:

;[I] + :;r(.lf)[.r(.t)[Jr sgnx(s)=0

70 (EF)



Clearly cquation (EF) is sub linear if ¥ <1and super linear if y > 1,

‘The oscillation problem for second order nonlinear dilterential equation is of
particular interest, Many physical systems are modeled by second order nonlinear
ordinary differential equations. For example. equation (EI) arises in the study of gas

dynamics and fluid mechanies, nuclear physics and chemically reacting systems.

The study of Emden -Fowler eguation originates from carlier theorems concerning
gaseous dynamics in as trophyics around the turn of the eentury, For more details for the
cqualion we refer to the paper by Sevelo [34] or a detailed account of second order non -

hinear oscillation and its physical motivation.

‘There has recently been an increasing in studying the oscillation for equation

(£, Yand {E)). We list some of more important oscillation criteria as follows,

The following theorem gives the necessary and suificient conditions for oscillation of

(Eywith g{x)=x""" | n=123..

Theorem 1-3-1 Atkinson [2]

Ifg() >0 on [t,.0) and

2nal

K(x)=x"""  n=12,. then equation {£,)is oscillatory if

jxq{_f]:.{f =,
}

Waltmin [36] exiended Wintner's result [37](which presented to {(£,)) lor the

equation which considered by Atkinson [2]without any restriction on the sign of ¢(f) .

Thearem 1-5-2 Waltman [36]

M g(x)y =y =12

14



Armd

]
lim jq(s}n’.-.' =, then equation (£ )is escillatory.
fa

Kiguradse [17] established the fotlowing theorem for the Emden-Fowler equation
(EF).

Theorem 1-5-3 Kiguradze |17]

I J;:{qu(r]:ﬂr =
then equation (EF} is oscillatory for p > 1. For a continuous, posilive and concave
function pi#).

Wong [3¥]extended Wintner's oscillation criteria [37] to apply on the ¢quation of the
formi{EF).

Theorem 1-5-4 Wong |38]

It ¥ = 1.Equation (EF} s oscillatory if

o . I
L ind [.:;(.w]::’.w:s-nound hmsup; I{f—,ﬁ']q(,'s'}u’.i'zm.

ty by

Cinose |25 |proved a theorem of Wong™s (Theorem 1-3-4) for the sub linear Emden-
Fowler differemial equation and also study the extension of Wong's result | 39])to the

more general super linear differential equation of the form (£, }as in the lollowing three

theorems.

Theorem 1-5-5 Onose[23]

If



{i) !Ln;iint' ]q(s) iy =2 >—n

IlII
i
(i} limsup Jq(s} =,
Ta

N Iy -
I:III]!L[E sup;r_[rjq(n}duds =,

then (EF) is oscillatory for 0<py <.

Thearem 1-5-6 Onose [25]

Suppose that

(1) limin{ l_[q(s}dva 0

i
(2) limsup Jq[s} dy =a |

then equation {£;)1s oscillatory,

Theorem 1-5-7 Gnose [25]

[.et

(1) liminf [a@yds > = > o

J

16

_A=0.
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I x
(2) himsup jjq{u] du dv=on |

Iy iy

then equanon (£,) is oscillatory,

C.C.Yeh[42]stablished a new integral eriteriy for the eyuation (£, ) which has

Wintner's result [37]as a particular case.

Theorem 1-5-8 Yeh [42]

If Iimsup% I{f —5)" gx)eds = o for some integer n>2.
—ea ! “

then equation (£, )is oscillatory.

Philos [27]gave a new oscillation criteria for the differential equation (13F) with

0=y =l

Theorem 1-5-9 Philos[27

Let o be a positive continuous differential function on the interval [fn,a:r}such that

s nl
o) +{l—rrpy=0  ¥rzt and

Iimsup—l— I{r -3 o(sdg (¥ ds= e for some integernz 2,

fawum r”'l
'

then (1EF) is oscillatory |

Philos [28]improved Onos ‘s result [25|which presented for the equation ( £

7



Theorem 1-5-1{ Philis] 28]

Suppose that

£ 1s a positive twice continuously differentiable function on [¢,.00) such that

;J‘{!}E{] errnd ,L;{.I'] <) mr[.fn,m],

lim j-p(.\'} Gg(s)ely »— oo and

f-l-l:[n

lim :='.upl I[I =31 gis)yds=o
AL

then, equation (£, ) is oscillatory .

I"H. Wong and C.C.Ych [39] proved an analogous result of Wong's result for

(EF} to the more netion 2 on gencral equation (£, ).

Theorem E-5-11 Wong and Ych [3Y)

[f liminf [g(s)ds >0
T

for all large T and there exists a posilive concave function pon [r,.=0) such that

T
lim Sllpiﬁ I{r — )7 p(s)gis)els =0, for some /20,
= r ;

Then, the super lincar differential equation is oscillatory (E,) .

Theorem 1-5-12 Philes and PPurnaras]31]

Suppose tha

18



{i) liminl'"L_I J{r - )" g(s)ds > - for some integer n=2
F—san r

fy

(ii}limupl j( jgw}du}?d.u o
e ‘rtu L3S

then sub linear differential equation (£, ) is oscillatory.

1.6 the oscillation of (£,)

This section is devoted 1o the oscillation eriteria {or the second order non lingar

difterential equation of the form (£},

Bhatia [4] presented the following oscillation criteria for the general equation

{ £, ywhich contains as a special case and Wltman's result] 36] tor tire non linear case.

Theorem 1-6-1 Bhatiy [4]

It

i .
- lim i =m
¢ —ea0 " r(-ﬁ'}

2- lim |g(s) s =0
f—rim

T

then equation (£, Jis oscillatory.

El-Abbasy [8] improved and exiended the results of Philos [31] 10 the equation (£,).

Theorem 1-6-2 El-Ahbasy [B]:

Suppose that

19



(1) %imint‘ ]-p[.\'} g(5)efs > —o.

ra

(2)lim h‘l-lpl _[ jp{u)q(u]n’u ) dy=ca
= ’
i

where p:[fy.0}— (0.0)is continuously differentiable function such that

P20 {rypn) 20 (r(H)p(n)" <0and [rm ,E;(:)] <0,

then equation (£, )is oscillatory.

1.7 the oscillation of (£,)

This section 1s devoted to the study of the oscillation of the equation (£, .

Theorem 1-7-1 Grace [12]

Suppose that

{n %’%ak =0 for x=0,

(2} ﬂ—{m and I
i)

<oy Moreover, assume that there

e
gla}

exist a differentiable function p - [ry. o) — {0,00) and the continuous functions
hH:D= {(r.s) 12520} —R,

and H has a continucus and non positive partial derivative with respect o the second

variable such that

Hi{t.)=0 forf 2 ¢, H(1,5) > 0 for t>szy, and



_F&- H{t.s) =h{.‘,.',']\n‘H[.!‘,x} Jor allit,s) e .
s

1t

!Eﬂ:ﬁup H(i‘l.i‘“}h s psgisy = r(ﬁi,:{s} {r,5) 'ﬂ{ )JH{I )| ldv=wm

then eguation {£,)is oscillatory.

Theorem 1-7-2 Grace [12]

Let condition {1} lrom theorem (1-7-1) holds and let the functions Lk, and g be

delined as in theorem (1-7-13 and morcover, suppose that

) < inf} limint 1y.s) g w
w2y v II{F';U}

lim sup
jokm IZI)

fris)otsy At s)—ﬂ 15 |ds <

I'there exists o continuous function £2on [r,,20)such that

2

Bt 1,)_ - :..JIH{{ S| s 2 L1
2

limsup
=3

] r
Hit.x y )=
NG f[ (183 () g(s)

forevery T 21, .

and

21



r 2y
lim M—n::".s: «, where (1 (t)= max {ﬂ{f],{]}.
= L)) .

then every solutions of {£,) are oscillatory.

Thearem 1-7-3 (Grace [12]

Suppose that the condition (1) from theorem {1-7-1) holds and the fanctions 11.h, and

g 15 defined as in theorem (1-7-1) and
ANz cmd[r{r)p{f]] S0 forrza,,
and mareover suppose that

fiming jp{.'.' W $)eds > —o |

And

'j- 1 d,',': x5,
o r(s)p(x)

then equation (£, )is oscillatory if there exists a continuous function (2 on [ru.w}such

that
. 1
!i_!l;l:itlp H{.rl.?'] | H{'r,.s-]p(.r;}q(_w}_%j:[_”j h(r,.v}-ﬁ—ﬁ%q’ff[:,x} dv 2 (4T

forevery ¥4, and

22



rEIRG!

ds=2 where (1) =max {fl{:}.ﬂ}.
Sr9)0ts)

1.8 the oscillation of (£,)

This sectien 15 devoted to the study of the oscillation equation (£ ). Many amhors

are concemued with the oseillation erteria of solutions of the homogencous secund order
nonhnear differential eguations. however, for the nonhomogencous equations, little are

known.

Great. Rankin and Spikes [14] give the following theorem for the non homogeneous

equalion (£, ).

Thearem 1-8-1 Greaf, Hankin and Spikes j14]

It

e ey
(i) lim | — =00,
f—o-:"ujla r[x.}

(i) Jim [(gts) - p(s)) =o0.

then cquation (£, )is oscillatory.

Example 1-8-1 :

Consider the difierential equation

[r;:(:}]' +{7 «i—-::nm‘]:J.""{J']=IFL3 -



Theorem 1-8-1 ensure that the given equation is oscillatory

Theorem 1-8-2 (iread, Rankin and Spikes [14]

Suppose that

“ s

- [ =
Jr(s)

A

2- .!LI'E I{q(.i‘}-p[x}}dj <o,

fap

3+ liminf j-% [tatu) - paydu ds = .
f, ¥ "- I

then the super linear differential equation (£, ) is oscillatory.

Theorem 1-8-2 Greal, Rankin and Spikes [14]

If

" l-..‘f- ol 1 H
—ds - j-—— J(q(u} — p(u)ydudy=—=  for every constant M,
S r(s) LTSy

then the sub lincar ditferential equation (£, ) 1s oscillatory,

Theorcm 1-8B-4 Greal, Eankin and Spikes |14]

Suppose that

(1) ri S s

24



(2) !l[ﬂ% ]]{q(u] = plu)ydu ds =,

o by
then all solutions of (£ Yare oscillatory.

Thearem 1-8-5 Greaf, Rankin and Spikes |14]

Suppose that

(}ri=y,

f
(ii) liminf j{q{s] — pisYdy > =A for afffarge?,
F—a
;

Gii) rlimsup} j}’(q(u) — pluNduds = |
rr

then equation (£, )1s oscillatory.

Theorem 1-8-6 Greaf, Rankin and Spikes [14]

Suppose that

1y r{f)=1,

2} lim j-v{tri-r}—;?{-ﬂ'}}ds=m .

a

then, the super linear dillerential vquation (£, }is vscillatory,

]
L



Example 1-8-2

Consider the dilferential equation

L) * ! 5
T x
ay] +{lLseostlt () = A0
[ ( }) ( () A1)
Then thearem 1-8-6 ensure that the given equation 15 oscillatory.

1] =Abbasy [7] gives the fullowing theorem for nonhomopenecus cquation (£,).

Theorem 1-8-7 El-Ahbasy [7]

If

I- r(f)=1.
2- G(x)= _l-g[u}du—-r o as -,
L1

3- pid) 15 continuous real-valued function in every tfirute interval,
3-¢q()>0 fortzi >0,

Let o{¢) >0 such tha
- lim (¢ (o] - L)y < .
5 r][gf!(ﬁmm(ﬂ)[ <

——di<w,

6- Iiml_[ hj{j):
e - pls)gis)
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R
B- | —— | 1% positive and decreasing for 24, > 0,
[ﬂ{r}] ’

1{- lim mff"'( ) i > =,
II:!'\

Ierm

I-limsup I q{ }u’ﬁ oo, Then, all bounded solutions ol eguation (13} are

[ =eap

ascitiatory,
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CHAPTER (2)

THE OSCILLATION OF THE EQUATION

[r(f ¥ ({0} (x(e }]] tq{ng(x(r)) =0

2.1 Introduction

In 1 has chapter we shall study the oscillatory behavior of the solutions of the

differential equation is given by:
[r(f)‘l‘{-r(f)lj'(;‘(-'}}) +y(Dglx(r) =0 (2-1}

where g and 1 are continuous functions on the interval [¢,, )¢, 2 0,1(1) is a positive

lunction ¥ is a continuous funclion on the real line R. fis a continuous function on the

real line R with 1/ (p) >0 for y + 0 and g is continuously difterentiable function on the

real line R except possible at 0 with x g(x)>0 and g'(x)2 & >0 forall x= 0,

Throughout this study, we restrict our atention anly 1o the solutions of the
differential eguation (2 -1) which exist on some ray [1,.%0)¢, = 0 may depend ona

particular solution .

2.2 OSTLILATION QF THE SOLUTIONS

In this section we shall state and prove some sufficiem oscillation criteria of the

solutions of the equation (2 -1).
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Theorem 2-1;
Suppose that
LTS {m[!,:,.m} '
0z 0<ks <'(x() £ ky forall xe R,
Oh y fty) 2 ke ((¥)) forall ye R and ky>0

Assume that # be an mteger with n< 3 and p be a positive conlinuously

dilterentiable function on the interval [¢,.e0) such that

H
f R BN .
Oy }irn:t.uxgzrlr:_I j“_;} ({n-]}p{s)—[r—s]p{s] ds < oo,

e . P

) |
Os imsup— I{r — 3" ()l hedy = oo,
Ter mn r‘

Then all solotions of (2-1) are oscillatory,

Let x{r) be a non osciliatory solution of the differential equation (2-1} and that
x(it) 20 For1z T =0
Defline:

_ AP0

) on [T}, T 21, >0

el f)

Then , for +r 2 T, we have

29



[r(rﬁ*{xu }}f{im:-]

i) ==

s ;*vutr}){(}{r)}g'(xff)}-ffﬂ for @l 2T
a{x() g {x{en

Henee, for all ¢ 2 7. we have

POPF )X S (R(O) g (x(0)
O ()

wlt) = —g(1) =

From the conditions we Tiave thal

kP O ((0) £2(2(0)
kyk, g (x{(1)

alf} s —g(ty—
Then, Tor all 127 . we obtain
{:J(:'}E—qr{r]l —Awt ity forezd

kk, ..
Where A= —% is a positive constant
L3

Hence. lor every (2 77 we obtain

! =] f n=1 ; ! n=l 2
I[i(lf =5 pls) (s ey = }:U -5y ps)els)ds— 4 Jiff — &) Al e (w)ds

= (=) pTe(T) = [A(1— )™ pls)ew’ (s)ds
T

_ I[{n —1%t =) p(s) =t = 5)"" ,E:r(s)]m{s)dx

T
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. 2
o (_"LWML@} 2

= = [| J A =5 ) (5 +
'r\_\’_( D7) 2 Ar = ()

1

+§~[ 4400 - 5 pis) + {1 (T

] AH-d -
<=1y p(M (D +ﬁ %l (=1 plsy={t =817 e

then forall raf wegel .

[t ="' 00) g{s) s =TV p(T) (T

Vi p()} [(r=1) ps)— (¢~ ) P

F

~ow' owe know that .
T T I
[t =5y ptsdgls)ds = (1 - )™ pls)qs)ds + (1 - )" p(s)g(s)eds
ty ty T

Dividing this equaluy by 1" and taking the limit supenor of both sides | we obtain

: | .- : L T
!ﬂﬁllpF I{r—.q] " ols)gis) ds = !}{Esuprﬂ—,l _[(r =5 o(s) gls) oy

fu fu

+limsup L I(F =" ) glsY oy

-1
I—¢a !
r

<lim :i.upsmL_I J-(: — sy s g{sredls

—s5



+ !Ln: Supf_i_lﬂ =yp(Tyw(T)

] I r“_j')n—il . . .
+IImSUp4A.*"";.[ ) [(n=1)pis}=(e =53 (5] by

I—x

which contradicts (5, Hence, the proof is completed.

Example (2-1Y;

Consider the difterential equation

( i ][x (r]+2] _::(:)+,_ Xy +(2'T{":'+3I3f-‘)+r5{1})=n. for 150

‘,2 +‘] lz(lr:"l':[ {1'{;;':'14_1

We note that

F;

1-0 < r(t) =

— <1 forrz oy, >0,
7 +i

P+

2—D<!£WUUﬂ=x%”+l

52 Jur ull xe R,

3 2

J=xp(s)= x(2x +3x7 4 xs}=2x +3x4 +xh:»-[} and

i) = 24952 +5x% 50 Jor all x=0,

1 _-2
=3 00)=y(p+ ,'} )=+ '; >0 Jor afl v #0 wnd
¥ 4] ¥ el ,
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1 21’2 _}’2
= 5 4y
0=y ot Y

1+

Then we have

—f (syl<yla —,]rf(}] for aif y € K,

-

By taking o(f)=1 . 21, > 0,we have

[ }n-JI'
OB

. =2
3=lim sup I”l_l j( —Dpis)=(¢ -s]p{x}] dy =

LT

13 _ =1
lim 5up—--j{r S n=1)? ds—llm(n Uty =0 < .

1=z -+ — =l
. n—2 I

- I s a-1 - “_fa }"
6 —lim sup T J(r—.s'] P{5) ¢(s) ds= lim sup—2=
Tapm fobm "t

A

it follows from theorem 2-1 that the equation is oscillatory,
Remark 2-1 :

Thearem 2-1 extends results of Philos's criterion [25],extends the results of
Kameneve criterion [16], extends the results of | 1] when pfs)= 0and the results of

[8].[19].[22] and [23] .

Theorem{2-2] :

suppose that 0,04 hold and moreover . assume that there exists a differentizble

function

ity ) = (0,0}

i3



and the conlinuous functions
A D=l s)rzszi]-R,

where [1 has o continuous and non posilive partinl derivative on D with respeet to the

second variable such thm
H{tt)=0 for t21, . Hite)>0 forisszi,

and

—EH :‘ .S' h:‘ s, si Jor all (f.sye ),
£y

H

O llm qup )Ir(ﬁ}p[a} .Ili'(l' J)—M H(t,s) | ds<eo,

Oy I1m*;up [ )IHI s)p(3)g(sydi=em,

then equation (2-1)1s oscillatory.
Proof :
[Let x(1) be a non osciltatory solution of equalton {2-1}Yand asseme that x(f)=0

Jore 2T =t

Define:

PO P () ¥ (x(0)) £(x(r))

f)= , 2T
) (x(1)) <5

then, tor every ¢z 7, we abtain
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) POV ) S _ pOr Y S (I)g (R x(r)
(5 () £0x())

o{1) = = P+

Hence, forall £ 2 T, we have

£ wl(f)- *k* LI foralt =T,

s i {1+
”{ ~PUHO) ity ky r(0)pit)

Then tor all 1 27, 2 ¢, we abtain

IH i _'-);}('.}q['_.s)f."\ “— [H £y m{\}d\ + jﬁ W }H(r sJenix) o
7 P(8)
J it 5)

W () e
7 p(8)r(s)

ki, . o
where B=—2 is a positive constant .
]

j!f{r,s}p{x}q{sjdw < {H({..v}m{s}];i - I% H(r,.c)cv{x} efs ]+ _I-% H(r.,\'}m(.s')d_.,-

L

-5 IH—&L)- @ (%) ey
7 rLd(s)

: ) pls)

= H(L]‘;)m(?",]—i‘{h{r,ﬂ,l"!ﬂr ) +1 E ;u(; x)}m(a}dn Bj It.s) o (5)ds
P

L}
LA



= H(r.T, (T ) - ]I‘?;{';(‘g s+ JHI. ui{h(: s]-MJHEr 5 ]m{\—) dy
Flxlgs

g -
JH[:,.&-) {h{:,.v) - {E%}J Ht s I}
(s} AL
— . - I e ¥y — — |
H(e. T, )axT,) Tj Br{&_}’o(s] (%) + T ds +
| Jris)pls)
[] 1 ’
| l:h{r,x]—[p[% ‘.}]-.UI'IHEI,.T:]]
Hip.s)k ds
le 4BH{. 5)
rixs)

. H
= H{LT Yl T, + [ngil[ r.s)- M%ﬂ}
, |'HH[ru o)+ JW;{I ;()rT,

j{ r(s)a(s)

forall T, 21,

. 2
5H[.I,T,]m{]";}+L]r{s]p{s}lih(j‘,s]—ﬂ@\!‘ffil.sj] de gorall Tzt, (2-1)
4 f Ti 25

Now dividing by H(t.r; ) and take the upper limit as ¢ — 20 and from inequality

(2-1) and apply the O . we obtain
] ]
Iimsup——— | K5, 51 p{s)g(s)ds <o |
P p”("-fu),! ( )P{ )‘:'": )‘ |

which contradicts (7 ,Henee the proot 1s completed .
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Example{ 2-2}:

Consider the following differential equation

-
-

1. 14 - 3
(; +2][H+“—I - ] In(N+ 0 +E£—255t”31;{’)=” Jor 24, >0
f

2 14 L3
P +3 i+ x(t)+2

We noie thal

12 +2 .
i 3>{} Jorizi, >0,

(1) rin)=

IH [fj

{2) G{Eﬂt["i:l'l:f}J:R'l‘m

<9 for all xeR .

j'?

2
2

(3) 2 (y=3p"+ >0 for all y # Gand
2 2

by b 1
F100=9"+ _er+2 + (}_1'+ T s16y°

Then we have

1

1 . v
— iy €3+ —= ¥ (y) forall y e R,
16 yi+2

(Dxg(x)=2x">0 and g'(x)=10x*>0 Vr=z0,



fet pity=2>10 Jorrz, =10

and H{r. 5) {r— m} nwe ged EH(I sy= =20 - '.}anﬂ'

(3) }Ln!lsup ]jr{s P A, s}- ‘ﬂ{ }\Hfi: s)| ds
Il

= limsup : _‘-T +2(2}(4) ey

Fo ( l‘.r}
—limwp—— E-Ltfm"L-r +_Ll,m-li1
R S L R N N

=0 <uw,

2
: 1 : [ 3 .
(6 !lﬂsup H(IJ,, ]JH{I,.u'];:{.i-}q(.s}dx = ]Lrg sup (I - fn}l J{r -5) {2)(: —2sm .f] ds

- t
) -
= lim sup 0 ][Srl Ins—bHst +;::2 + 217 cos s+t coss— 25 cos s +4s sins + 4 cos s]
I—+m lf.... A .

T

0 ]
32 Inr—Erl + 2% cost +drcost =262 cost + 4 sing + dcosd

: 3 .
= limsup g| =37 inty + 61ty — =1, = 21 cost, —drcosty + 217 costy —deysin g,
- (f_‘n)_ 2
=deost,
= o],

it follows from Theorem (2-2) that the equation is oscillatory .

Remark 2-2 : Theorem (2-2) extends the results of Grace {12] and |23).

We need the following lemma which is extension to lemmas of Jirbe [9] . Wong

[37] and Graef and Spikes [13]
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Lemma 2-1 ¢

Suppose that

i
i~ liminf {q(s)ds20 for ail large T
T

iHi=0<k, <wix(t)) sk, for alt xeR,

then every non oscillatory solution of equation (2-1) which is not eventually a constam

must sabis{y x(ry x(ey > 0 for all farpe ¢

proof

suppose that x(1)> O for 2724, . I the lemma is not true . then either
x(t)< 0 forall large t or x{t) oscillates.for all large t .

In the tormer case we may suppose that T1 is sufficiently large such that
jq(x)d‘.'zﬂ Jortz T amd x(1) <0 fort=7,.
i

Now. integraning the eguation (2-1), we have |

PP S (x)) |- [r(?’. YT G (T n] +g(x(e)) [q(s)ds
;

- fix (s)g" et [atu)due Y= 0
h R

But



1 [ x
g{xif)) Jq(.&‘} i 20 amd - Ix(.':) 2 (XN jq(n} el 2 1)
1]

n T

Thus. for every ¢ 27, we gel
(r[r}‘i‘(-r(!})f (Sc(r})J —[r(i'i P/ | <0
Or
[nnwuunmhuﬂs@meﬂnnﬂhnn]
Dividing by #(/)'F(x(r)) we obtain

P(1 PG £ (R(T))
O )

S xln))s
Then, foratlr 27, we have

W {(T NS [-;:('TI]} .x !
iy a *

Fss

- 1
Since -—(—} = d(A=0) as f - w and
Fif

TP )
i, '

One can find a constant Af"> 0 suchthat f{x(T\ ) <=M" 2T 24,.

4}



Therefore, there exists a constant M7 >0 such that x{f)s M 127
[ntegrating, we get that x(#} — 0 ay £ = oo,

which contradicts the assumption that x{r)>0 forizT.

[f x{t} oscillates .then there exists sequence {r,}— o suchthat x(r,) =0

(pn=121..) forall t2 7).

Define

_ ¥ ) £ )

o) €0 ()

Then, we obtatn

) 2 IV (A (D)
£

;L{;): -¢{r) —

A1) < —gir) forall (27,

Thus for cvery 1, = 7, we gel

He| =

F

ant F

Iql{(}fﬂ 5 - I rl:{f}df =T Y —wlr |}

_EVGEN ) A P ()
#(x(z,) #(x(r )
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L]

qu dt S0,

Te

which contradicts to {ii) ,[{ence | the proolis completed,

Theorem (2-3) -

Suppose that O} hold and

!
Oslimint [q(s)ds 20 for all targe T
T

(e lirn—l—zA . A>0
= (o)

] 1
Owlimsup— [ ~sYg(Mds = for some B 20,
J—sa lf

ty
then equation (2-1} is oscillalory.

Proof :

Let x(t) be a nonoscillatory solution of equation (2-1) and assume that () » 0

Jor 127, 24, . It [ollows from L.emma 2-1, that ;[."] >0 _nn[?;.m) el

Define

_ (0P ()
£G()

wit) ot 21,
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Then, tor every 2 7, , we obtain

(r“w{xm” o }J _ OO TR () 50)
glx() £ (x())

with=
Hence, lor 7 2 1, we have

Wlf) € ~g(1) V2T,

Then forevery 2T,
{ i .
I{f - s}ﬁq[x}dx - J(.f - .-.'}’ @(s)ds
! h

By the Bonnet theerem . for a fixed ¢, € [f,.1] such that

- Jle-s) w{s)ds =~{ - T, ) J-{:?{S}ii'i' =-(1~7,Y wic)+ (-7, (T}

L LF -
sle-1Y w(n) 2.2)

lence, 2, z1,, we have
J{_f — sV alsds (=1, Y (7)) (2-3)
7

Now dividing by +* and take (he upper limit as { = o by taking mnto account (2-2), we

denve

=

!
lim sup—]F j{r —sPqg(s)ds <= |
"
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which contradicts Oy, hence the proof is completed.

Examphe [2-3) :

Comsider the ditferential equabon

-

: + . N
[r HIH x i) xl[.r}—%m— +G+cn.~‘.:} {y=0 S2hy =0

2 4
i +2 x{(ty+1 x ()41

We note Lhat

i H

£t +1 . 1 A

5 and  him = limn 7
+1

o< ritr=
|: ]I " } 1+ 1 r-—::—:_;-“] i

=120, forulfftze, >0,

i
(D0 <€ M x())=1+ —f“—ji
X

)+

<2%xeiR,

b
-

1
an g ¥
3y pfiyy= _}'2 _'J'IIIFP—H' =}IT+"{Z‘-‘-* 0 Wys,

(Hapi=xs"=x">0anmd g (0)=5x">0Yx=0,

=2

] ]
{3} lim inf Jq{s}:!x = [im inf ]‘[l +Cos s}a’:.' = lim inl’[ln f+smf=InT —=sin TI-_- a =)
f—at ; -0 T .

By wking A=1,

a4



! , | }
(6] !J_!!: sup !‘Lﬂ rj(r -5V g(s)eds = ]!lz! sup . j[r - 9{: + CUS .-.'].:a’.-.'

. [. . . cost . fh . COsf,
=limsup! Ind + st =1—sint ————Int, —5ing, +—smf, + +i, =05
o ! i !

it follows from theorem (2-3) that the equation s oscillutory.

Remurk 2-3:  Theorem (2-3) extends the results of Wong and Yeh [40] with p(r) =1

and [23].

Theorem (2-4) :

Suppose that 03,0z and Oy hold and moreover, assume that there exists a

differentiable function
£ty ) = (0.20)

such thatl

2ty =0and [r(r};‘i{f]] <0 forall r =1y and

0||G{M£k$ Hyiﬂ

f

O ]imsuplﬁ j[f =3 P pishg(dds = for some f2 0,
f

LR bl

fu

then vquation (2-1) is oscillatory.
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Pruoof:

Let x(t) a nonoscillatory solution of equation (2-1) and assume that x(1) > 0

Jortz 1 2, infollows from Lemma 2-1 (hat _;cl[.*} >Oon[f,a)¥r 2T,

Define

() F ) VieT

w{f}= plr) )

Then. for every ¢ 27, . we obtain

mu[ru:rr(xuﬁft%m)] .éu:r}[rurwxunﬁ:;{rn]
2(1(1) ’ (1))

w(l)=

[PU (O P(O) (<0 '(I{f]-:‘[f]]

g (x(1))
Then, forall 12T, we get,
;'n:r{r{r)‘l’(r(ﬂ}f{}tr})]
= - ¢ viaT,
@) ) P gt} 2
By Oy we have
Eﬁu}[r{rw(xm)}u)
Wit} S &, — pltg(fr) Vi > T,

2lx(0)}

Hence, for all t. Ty with ¢ 2 T, . we obtain,
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-

j[r‘ - _\'}H JHS (s )ly S = [(E - .'-')ﬂ r‘u{.s'}u’.v + A4, ]'{I - ;)(.-.'}r(.\']l x(s) efy (2-4)
- A g(x(:)}

[F T

By the Bonnet theorem, for u tixed a e {7,,1] such that
!
= [tr=5)" axs)ds = ~( - )" j w()ds = ~(r =T, 1 cola, )+ (¢ = T} el Ty)
T LA

<t -1 (T) (2-5)

But
{(: —s)"(i»tv)r{s])] =(- s}"(;':-(s)r(s}) - B - .-:]""[irf(s}r(s}) S0

I3y the Bonnet thearem. for a fixed 5 € [7, ..'] such that

I(r—n [p(s)rm ”}]ds-u I P, Jf Ime

t(x(s)
rin}
=U-LY pTNT,) [ 2 2-6)
:[]",} { )
From inequalitics (2-4){2-3)and (2-6). we have
! . . vt |
He = <) pisyg(ds (1 - T,) w73+ Kk p(T TN ~T,)" Y (2-7)
T :[ri_;.g':")

Now dividing by ¢* and take the upper limit as ¢ = o, and from inequality {2-7), we
B _ 3

have
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lim sup-!ﬁ j[r - .s-}ﬂ A8 (s)ds <o |

Temag 1’

which contradicts O3 hence, the proofis completed.

Example (2-4) ;

Cuonsider the ditferential equation

L&
t 4, : .
[sr 3 5]['"'" () Jxm__x_-fi +(l_g;n,]_w=n*fa;nm=n Vi >0

Bl w3 =1 ¥ N+l ?
? ) x (O+1
We note that
: . Bt a3r-1
{1)0 < lim : = lim— "2 =l ¥tz »0.

men gt} Bl -5

)
(2)0< 1S WP{x()}p= 1+ ]-:2 Yie R,
Y+

. K
o<1 X sva0,
¥ »in+l

xgix)exx’ =x'>0and g(x)=32">0 Vx=0,

[5}U*:I£—= d—?=%{m und £= d—?=%{m Ve
IRy Cw 2E SEQ) Cw £

L

I L
{6) Limint [q(s‘}a’.s' = liminf j-L— —5in x}:’x = liminf [Im +eost=InT = ooy T] =w>(
= - f-ra i
; P\

{7)lim supLﬂ _[(f -5 )ﬂ s (sl
d—=T Ir rn
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Let f=1amf {8y =1>0.wehave p{t) =0 und [r(f)p{-‘)] =0, we obtain.

=

!
lim su[;:rl j(f - 5](1 ~5in .‘;}fs
{ ¥

fs

[— %

. | . .
= hmsup:—[.' ltns +rcost —f —roost +sine—sInt, —fcosty +i, +1, cosi, —sm.*u]

. [ sinf 4, 1081, sing,
= limsup]{ Int +cost =1 - coss +———Ins, —cossy, +—+ -

i—e i r t i

. [ sin fo fgc0siy sinf
= limsup| Inf —1+ —= - Inz, —cossy + >+ 2—2— “:’

t—sn { f { f

. . sint . ]
= limsuping — 1+ limsup———In¢; —cosi+i; limsup-
r f+m

—® tesm !

. | . |
+1, €05, imsup——sins, limsup— = oo,
Traud '.‘ d=r ll‘
[t follows from Theorem (2-4} that the equation 1s oseillatory.

Hemurk 2-4: Thevrem (2-4) extends the results of Wong and Yeh [40] and [23].

Theorom (2-5):

Suppese that Oy, 0y and Oy hold. And morcover. suppose that

O D<k, <70,

015[]‘:}(,5;—'(}2 "U"_l‘#ﬂ,
¥
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, (0 I
Oh limsup— || — leptidedu ply = oo,
e U

then every solutions of supeelinear cquation (2-1) are oscillalory .

Proof:

Let xft) be a non oscillatory solution of equation {2-1) and assume that x{t} > 0 for

t 21, 21, It follows from lemma 2-1. we oblain x(7) >0 on [, b2, 27,

[Define

PP (() £(X(E))
(<)

wit) = Jor 12T,

Thus , for every f2¢, . we obtain

RGN SO £ (O x()
g (x(1)

w{t) = —qs)
Hence , for all r 27, we have

r:.i(-'} £—gl(ry forallt27,

Thus ,

](:.)-{.i‘]tf‘i £ - ]-q(s}u's
Ty T:

olty £ @(Ty) - [g(s)ds
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By the definttion of w0 we get |

S _wdy Jq(} "
2 rOWGE) R
kx| L
= - ef
e -, Y TR, (L{'@ '

then , for every 127, . we have |

i e e f A
j'ﬁ'.lr.rl:.'s] dy < (I){ :] ___]_ L_ q{h‘]dﬂ]
T

glx(s hok, k,

Dividing (2-8) by 1 and take the upper limil as ¢— o , we have

(2-8)

Uiy ' [
Iirnsvu[:ildi—'J I _dn_ % limsup [ u{T)[ -1 ]] —lel sup b _[g(u]du ds
= ! :r[',l':} g{u} = ) kzkﬁ k i1 r(.‘-' T;

Tl

< -,

which contradicts , Henee | the proof is completed .

Example (2-5):

Consider the differential ¢quation

2 4
(f :—|I4+ ;I'{f:' 2 (” d U] +:3[2x(.l)+?x3[l]}=ﬂ-ﬁ’rlzfn =0

! £+ .1.({]+1

We note that

2l



t+1 1 i
DO<lsrity=—— wiflim—=lim——=1>0 firrz¢ >0,
I e—s”:” rm:‘r +]

'y
230 =4 £ P{x =4+ f{g”lﬂﬁ ¥reR,
XoLr)+

ﬁ
M—2+

y 'L+l

> 2 el
Nxg)=x(Ax+Tx) =227+ I > 0and g (x)=2+21x >0 Yx= 0.

i f 4 i d
S)liminf _[#(S}ds = liminf f.\'3dv = liminf f—-f—} =m>0 forallarge T,
- ; foem ; 3 J4

[EEY .
6)limsu lj —I ] i )efni ply
:'I'--o-l n P i P r[.‘i] 5 q( ’

= lim suplr_‘f s s{ujdula"s

b

=i — — = |ds
ol H( 4]

SI
= I|msu ey = - oy
ol +1 4! 5 +1

] 3 1 I,S rj l,4
=1 | ] a -1 i} =-| |
= imsup| — ———-+|f-l;1n foa=t—={ +Man f -—(h—tan =i, +1an rﬂJ
44 3 5 3 af

§ =
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I 1 1 @™t 1 6 4
Sl e w1 TSI TT s T T T
: A IS AL TE R RS
= hmsupy = -l q * 1 5 q -1 = .
o Flootan "ty g fglan™ o tp  totan” i,
Tt n 5 s s
! 1 f 3 f

it follows theorem 2-5 that the equation is oscillatory.
Remark 2-5 : the Theorem (3-4 extends the results of Philos [29])and [23].

Theorem { 2-6)

Suppose that the 0,05 and Oy hold and

Un U{k-; =

S g wyeo
¥

Moreover. assume that there exists a diffecentiable function
2 [1.0) = (0.0)

such that

20> 0 ;-}(:} 2 0and [r[r};:r(r}) S0 Vi,

i)
(hs Lim [ p(s)g(s)ds = o,

(hy lim .ﬂm,h){")ﬂu]dﬂ}h =,

[

then every solution of super linear equation (2-1) is oscillatory,

Praonf :

53



Let wityfor e 2 f, 2, it fllows from Temima 2-1 that x{(H) = 0on

[7y, )7, = 7.

1)
g(x(1)’

Multiplying (2-1) by we obtain

p(r}[ruw{x(r))ﬂ.iu :n)]
glx()}

+plt)g(t) =10

Then, for evervi 2 T, we get

' ,I;(S)[r(_1;'}l}'{‘r(j)l’{{‘;(.‘.}}) r
TJ glx(s)) ds+ r{ Ps)g(s)ds =0

p[s](r{s]‘P(r(ﬂ)f(;f{x])J’ ,;J[s)(r{.\']‘I;(x(.v))f[.;:(.s}])

- ey
glx(s)) T, glx(s))

LF}

: p(.a‘)[r(s}"!’{x(.v‘j]f{i(f}]] . .
; g:[_‘,{_‘_}} H'{-T[S})X{ﬁ']t-’s+T:|-p(.v‘jq{.5']¢i': =1

4+

Then

OO ) i PO P ) . ;J{r](r(r}q-[.x-(r]}f{x(r))]
glx(1)) g{x(1) E (73}

e

- j AU edy (2-9)
T,

T

By 07 in inequality {2-9), we¢ have
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: p(r)r(g:_r}({n;u) AT, iﬁg':)});'tif?; D, ek, thx; ﬁ({r:}:’;(s) i
- I]ﬂ(-*‘]#(-*‘]ii‘
By the Bonnel theorem, for a fixed 2 € [7,.1] we get
PRV SR VIR c N 4
Kk, T[r_hi%{(?;;_(ﬂ = k,k,(r(Tz yalT, )JJ% ds =h,k, (r{T, YT, )LE | L{—‘;]

=k kN, =N <o

[et

P (T (T, }}f[fnz?"ﬂ]

o, = N
! 2D "

Then. we have

pw;Jr(mﬂf(-rw;)}f[iw;})

k
: g(x(T,))

Se - [pls)g(nds
TZ
3w,
!
lim J;;(.s)q{s}dx =0 then, thereexists 121, 2 1)
- ‘A

Such that
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Lr)(.!.‘}q(.\'}:fx >2¢,
n

Implics

Then. for all + =T, , we have.

pOr oY) 1 Jtsya(s1as
7

k,
' glx(0)) 2

)

-;(-'] —1 1 | '
glx(ry) ™ 24k, r(5)p(s) T!ﬂ{.s g (5ids

Thus. lor every ¢ 2 T, we oblain

r .‘-L'I{.ﬁ']r:is' -1 '|f 1 t |
f!ﬂ(r(-‘f}) : 2k k. gtr{s]p[x} Jp("]?{“)dﬂ]t.ﬁ

Using (g , we get

—— = gy =y,

which contradicts, Hence. the proefis completed

Example (2-6):

Consider the dilforential equation

T

2 1t . :
[: }+ZI”+ I-: (1) 3.1"[f}l+:—m— +({I+2}|+CUSf)-T?”j:D:ﬁ”'IE'rG?']
drt 4 I+ : |

x {1y+1




We note that

1

1?42 D DY LS
3 and lim =lim

4 + ¢

(10 <r(n =
== r()

=4 >0 farra.-ual‘

e 12
(1)
(2)0< S Px() =11+ ——=2-<12 YxeR,
x (1

K

{3)ﬂ<3q‘f{l‘}=3+ :’ |<4 Wy,
¥ ¥

Axg(x)=xx’ =x* >0und g(x)=7x*>0 Yxz0

($)liminl [¢(s)ds = liminf [(,ﬁ +2¥1 +cos s)ds =
T "TF

3 1
R N . ) T

= ]|m1nf{—_—+r2 sinz + 2tcost = 2sint 4+ 21 + 28inf ——
3

b h]

~TsinT - ETmsT+23inT-—2T—25inT]

=|iminf:’[%+5'“’

fub X

2cosi 2sing X 2sine T
+ 7 — 3 'l'—:'l' 3 ——T
¢ i i i ' 3

Tisin?T _Hcosr . 2sin? 27 2sinT
!

1 h) 1 )

I ; ; e ]:w:n:} . tor all large T,

444 +1
P2

' 14¢
we have p{fl= ———— =0 and
PU) (r’ +2)°

Let pft) =

N . ] H
[r[f)p[r}) = 14[_12‘ —& +22]-=:ﬂ Jor t21, 21,
(7 + 2)04¢* +1))

57



- A
v 4

T

! fdy? +1
(B him e hg(shdy = lim 2+ I+ cosy kdy
H,}ﬁjm ba(s)es = lim J—s (5% + {1 + cos s)ds

A 2 2

= lim j(4s +ds cns.w+i+mﬁ.v).|'.s'

I—
Ta

=l 3

4 . .
= ]|m|i—.r" + At sing + BIcoss —Rsing + £ +5inf

4, .. .
- —3—!,'3 = d5sin gy = R costy, + Bsindg, -1, —sing,

¢ 7l AL

P

. 4 Jdsint Beost Rsing 1 s
=|l|‘ﬂf1|: + + - PRI L

e

3!.'-'- 1.3 l,! £ I,H I..El

1 1 - . .
fo _ Mg sint, By cossy . Hsu‘lfﬂ o smfn] e |
it follows from Theorem (2-6)) that the equation is oscillatory.
Remark 2-6
Theorem (2-6) extends the results of Grace and Lalli [11)and |23].

Theorem 2-7 ¢

Suppose that {7 7.0z Osand 07 held and moreover |, assume that there exists a

differentiable function
o)) = (0.00)

such thal



=0, ,E?{I}E 0 and [r{r] ;!{r]] <0 forall t 24,

and the continucus funclions
i b=lns)rzsz]- R

where [ has & continuous and non positive partial denvative on I with respect to the

second vanable such that

Hiee)=0 foreza,, Hes)>0for toxzt

[

:—G“H[Ls}= Ko Wil s) for ait (t.5)e D
[ FAY

AT i
)y J ! [”}du < oo g mﬂ"u' < oo,
glmw) £(n)

. 1
02 limsup——— r[s)p(.-;}h’(r.s)dscw,
)

then equation (2-1)is vscillatory .
Proof :
Let x{t) be a nonoscillatory solution ot ¢equation (2-1) . sav x(1}>0for r2 7, 21, .it

lollows from Lemma 2-1 that v(s)>0 for rz ¥z,

Delinge

_ PP S ()
£(x(1)

wii}

Then, forevery £ 2 7, .we get
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PO PP LG pOr V() Fx(0)g () x(0)

ait) == ple) i+

X)) g (x(1)
Hence, for all 1 2 7, we have
s OGS
From the €); and the ;7 we get
LR YN S B
o0 ™k et
Thus ,for every 12 7, 24,
f{ N , Hs) 0 (5

IH{I t};:{x}q{f} fis— ‘[HI X fu{x}u’a+ H{r i)(u( by~ B, Jr(\ JHs)

T n

ki . .
where f =— 15 a pasitive constant
k)

= I 1y YTy ) — j- -g:”{r,j}m{,\']fh+ [ﬁ'—'ﬁu{:‘x}u{.vm
s 7 Pt

f

- B, I—'rﬁ"“"—)m’(.\-mw {2-111)
Ta F(-"}p{""}

Now we note that

o)



P) _ FOPGE)F Y
I;: - H(r, Yol x) dls = [ s, pls) prRS el

‘ W(x(5)) x(n)
<k, || —Hlis rlu Y | ———" " fu \edy
l{ (1. )J[ () )] ) u}

By the Bonnet theorem, for a fixed s 2T, and for some m, € [?25] we get

s Y . . ‘[‘{ﬂlﬂ}}l(u}
F{x(u))x{n) el S o bl
T!r(”)p{"}_ﬁi}_ du=r{T, :-p(TJ! @)
xim, )
P 4
=r(T, )PU )
xt?[:g '

r{i‘":],;}(?',}b-ﬂ and And henee | sinece

LAY, N
Y0y T D,
] Lir) tt#y) gy}

We have

T T oy TR,

T, g{x(u)) ’ wir 2030

Thus . (2-10) be comes

(10,5 ptratsy dss () 11— [t ) JH ) ) Jes + khy 1L T,)

n LF

COHSY
B {8 )hely
| I r{s)p(s)

&1



S QT+ ke H T )= [t T s)wlx) d
i

- B, LG ' (5)dy
r(s]p{s}
[BH{S) s} JAES) P aslifes) ”
-"':5):”(‘] 2 | —-—45‘!;[“” |
F{$) (%)
+ M., Xk ok, +aXT;))
< H(LT, Xkok, + (1)) Iiiﬁﬂhz(;.j] ds (- 1)

4 )

Mo, dividing by H(uu) and take the upper limit as ¢ —» oo and from (2-11} and case2]

W et

lim sup Tf!{r..v};::{s]q{s]:ﬂwu:.

|
e,

which contradicts O3 Hence . the proof is completed |

Example 2.7 :

Consider the following differential equation

)y +1 8

[ ; I O oS0l =0 for 121y >0
r+l xy+t)| f

We note that
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- H)=—— >0 and im—=lim™L 150 forizs»0,
F+1 imep(f) e

2= 0 <k, 2W(x(r))= rf(f?il < | for all xeR,

J- I fl .
- liminf Jql:.&':l s = liminf fi = l:minf[Inr—lnT] =x >0,
[} 7 Jurm ;_- 5 Jurm
: L
4-0<9<LP 29, Y g foratt y=0
¥ »y o+

Let pify =1 we hﬂw;} (#1=0 and (;(;}};{r}] =0 forfzi, >0

Let H{is)=(r—sV  for 12+ 26, >0, we ger

I P .
5= limsy (s syds= limsup —— (1= xF (1) =
‘ﬂwn”(”u}r! () o(s)g(s)dds lim sup -7 r!( ) U_g :

r I

. 1 st

= lim sup =13 Iny =257 4 —
I ¢ Y B 2 |,

1 ' 'S t
= lim sup Plnr-20 4 —— P Ineg + 21, -2

pre (1) 2 3
z 2
. 1 2 {
= limsup Tt =24+——Inp, + 20 - 1
| R {lf_lin 2 t 2:...
=,

. [
fi = limsu (& 00RE, ) by = him sur
I—= r'lﬂr.{[r‘]rl}}i! { .}I{{ :I ( }{ r=sm r'l

I %o
— {1y
fr=1,1 ,;[.n-+l{ M

= limsup

[ERE [I -

h:n}z [s —In(s + ]}]:_

- lim dr—dinis + 13-4, +dInir, +1)

1esa 21y +1}

={<m,
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L]

< oo and

- ag 4
T—J.-P{H]:.’tfz j- :" x%u’u: j ! L =lti5.r'|"1.'\e2
) I+ 2

Wl o

- '-I_"' = 4 'I I . T
J’ _.':":' oy = I—:i-—— —ldu=—'!fm"uzl <,
) [T I 2

it follows from Theorem 2-7that the equation is oscillatory.
Remark2-7 :

Theorem 2-7 extends the results of Grace [12 ] and [23].
Theorem 2-8

Suppase that €3; 03,0, hold and Q7 moreover assume (hat there exisis a

differentiable function
o) o> (0.0

such that

Py )20 for alfrzy,
and continuons functivns
h.H:D :—:{{r_.s] o Eszfn}—}R .

where [ has a continucus and non positive partial derivative on TY with respect o the

sccond variable such that

iy =0 fortze, . Hira) >0 fort=s21,,

_TEH{L.*:F hr,5)J H{t.5) Jor all (i,5)e D,
&
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. N v § § Y
();; 0 < infj lim Lnf'—u 2w
2\ Hit,)

It there exist a continuous tunction £ on [r[,‘m) such that

L (H(s) pls)als) ds

£)3; Limsu
3 1—E I ff{r!'rl]

n

.
] 2

~Ti [LAOLO] PN O ol IFRNFY

!Lri]sup H{LTE)J- ) H(r, %) o) {(1.8) | ds = LUT))

forevervT, 21,

(hay Jﬂidv: w. where £, (t)= max {ﬂ{:}*ﬂl},
r(s) pls)

a
then equation{2-13 1s Osciltatory.
Proof :

Let x(1) by 1 non oscillatory solution of equation (2-1}, assume thil x(s} =0

Jorrzf 21,

Define

OFO¥ (DS (x(0)

_F
@) 2 (<)

Thus. for every ¢ 2 T, . we obtain

3



P PP SXE) | pOADP DN R ) x(0)
(x () 2 (x(r))

) == p{thy{e)+
Hence | forevery 1 275, we get

.F': } ﬁ[kq 1 p
{
o0 8 o Y

1)< -p(1) () +

Thus. forevery 2T, 21, . we henve

jh’{:._sj pls)g(s)ds< - | 1t s)a(s)eds + I% Hr, syels)ds

T Iy Ty

"!}]H(rﬁ)

ef
O

kk, . g
where BI = T— 15 & pasiive constant
1

- H{tsyals)[, - J%H{f..w)m{x] ds |+ j% Tt 5) () ds
TI rl

06



Hir. 5}
- B |—————w* (s
Ir()pm s

Then .

J”{L.h‘}ﬂ[.h'}{_f(.ﬁ']fi&'i O Y- Jh{:‘,s]ﬁ”l{f.,\'} ol s)dv+ ]-M Hr ols) ds
L T (‘5} 1

T

‘ H(1.¥)
7, Ps1p(s)

-1,

e (5 yds

1T [F2PO) e o P
() T! as, | 10=L S0

2

B, H(r.x} {r(s)p{.s p( ) (Hw |
—_— 7 ey
r(.\')p{.‘.‘] l: -5 Vi J :

07



limsup

et s f

. H
jH{.’,s}p{ﬁ]q{.s]-—M[h{f,s) - M ﬁJH(r,.s')j[ iy £ w(T,)
1) T, o] M)

1

J ' ’
e By ris)pls} (8)
— liminf 2 ol 57 4 — I .
mn H(hl’;}ﬁ[[‘g () 00) L}(‘n)+21J 5 [FL V) — Py Hir., }H s

From O3 we get

alT,) 2 Q(T,)
[‘ 2

L e TBHULS) r(s)pls) {}

+limint . P ,|' :

= an?;}?-,fH ol 2\1 [”’ D VD || b
This shows that
(1, ) 201 Jor every Ty 21, amd

' 2

1 IR HLY {r{f}p{’i) p(]
liminl - 2 / - B v <o
Htmmjk TEEEREAEY {“ Uty VD | e
Hence

AP | LB
] I. X ¥ 1
lim in HOT) T;[r(.s')p[.':} Ht ) () ds

e H{t.T,)

+ lim im]—[[h(r ]-% Hi, a}].f”{: S)(x)efy € o0
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i.c..we have

lin inf[/tn+Vin]<m

where

1t B e
U@y =— A T!' o0) Hit ) ()ds

And

Kl = i, 5}-‘”[ }Jn(r 8Y [JH (8 (s )eds

HiT) ;

Now ., suppose that

—_—
ds=tm
o

From the (3 . we have

THSY @l

liminf £, iy =
N, S HT) r{h]ﬂ{ﬂ
Thus,
limif{fi=w
{—iC

Now consider a sequence {T } yn=123. in [rﬂ, ) with limf, =

"
F—a

Eﬂ[ﬂﬂn )+ (T, lim inf[/(n) + V(1))

05

{2-12}

(2-13)

(2-14)

and such that



B3y (2-12) there exists a constant M such that

UE Y+ VIT, M ca=12,.. (2-15})
lFurthermore . (2-14) guarantees that
,l,i,['lUU;f}: o0 (2-16)
And hence (2-13) gives
lim (7, )=~ (2-17)
By taking into account (2-16) from (2-13) we denve
+ ;E:)) < U?:;] < ZL Sor alt nds sufficiensty farge thas
%ﬁ < —Ei Jor all large n, (2-18}
From (2-17) and {2-18) , we have
Y lUZ(Tn}
lim {7,) > lim & ==limU(7,)=w (1-19}

e (T)  aem IT,) dnen

{Jn the other hand by Schwars inequality ,we have for any posilive integer 4.

:f‘ﬂ;):-—l?) [ .. s)-*"{“JJH(T (T, . s)o(s)ds

H



1 j-r{‘s)P(E)[hm 9= P( }W]

CH(T,. T, f, .
Ihen we
.
xI 5, ! — H(T,.sye’ (3)ds
; r(x)n(s) H(T,.T,)
have
e | pt}
| (?n)g———ﬂz”g 2 Tj-r(#)p[',](h( ,r‘H(T ]qu{T}
or

. )
) er,ﬂ( ) wer =29 i | @
T u{r B p{s}"

So. becomes of (2-19), we have

2
T- 0]
i ——t—— {52 {"’}(fr(?".,,w) ) JHT ) | ds = o0
e HT, 1307 B, o)

Thus forall + 27, we have,

lim qup

f—

} J’r[s}p(e)[h[r -.}—*”( }Jn{r ¥ ] dy =

bl KN

which contradicts Gy
Thus (2-13) fails, and hence

@ (5)dv < o Joralt T, 21,

TJ; r{x)p(s)



Hence ,and since axT,) 2 (X7, ). we have ,

wils)ds <o

"]. QE(IV} -:.F.\Suj‘

o r(s)p(s) r($)p8)

which confradicts Oz, hence the proof is completed.

Example 2-8 :

Consider the following differential equation

(.!_](I_(” ;-[;}4.'1:('&- +i3x3|:.!')=ﬂ Jort >, >0

3 1
t {N+1 )+ 1
We note that
I—r{r}:;l:rtl Jorfzit, >0,
b
()
2-0<ky sVW(x(r)) = 5—— <1 Jor alftz1, >0
x{n+2
2 2
I-0< )= 4 2,} + 1.}‘ —<dy?
L A
1 33
red )<yt <yt a— =20 Jor all y # 0
] I‘}I .-{-u

d-xg()=x">0 and g()=3x">0¥x=0

L o | .
5= liminf ;[q[.v}ds = liminf !Em =70 for 12T >0
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= 1 =
6— IT(“]JF f_"“—f Ldu'-‘J- a 44H=1Tan";.-3 <o and
gl(u) w4+l ou 2+u 2

TW@) T ot o
Few ™=V

dn——Taﬂ u| < o
ut+1 w? 2

let p{fd=210 .we hene ;.J{f}=ﬂ
Andlet Hitw)=(1=-35Y fir 1252 fy

'Thus .

fr— !Lrﬂ‘.u[: H{I ]Jr{u};J(h} . '.}———w—...'H{f

R 1
= limsu — ofy
fot P “ = 'ru }2 r;l.hlﬁ

T
4 -1
= lim sup =) <o,
I PR PRI

f:

2
7-0 <inf] timinf | inel timint 20 Ly oo
[ ELE ) H{I_In} 2t [EETS) “-_: )2

¥= limsup-— jH[r ) pts)g(s) = TSN e o L) e
[ fj} ;j{\}
! 1 2
-!er;lqup{ >y :![{f—,s']:[l}s—;—a = )ds



2 r
4
=2limsup ! n f_j_2_1+]_ d_;__J._I?d_,,-
—x {."-ID) 5 L) X k) 41‘}1 f‘_‘j

1 I

= — —

2}

Beb LNz = qu we get
=

T Ol
- |—
Ny ris) p(s)

it follows from theorem 2-8 that the equation is oscillatory s
Remark 2-8 :
Theorem 2-8 extends the results of Grace | 12 |, extends the results of [1] and |23].

Theorem 2-9

Suppose that 07,04 052,043, and Q24 hold and moreover assume that there exists a

dilferentiable function
£10f.m) — ((hm)
such that
PR 1Y .,;:{r) 20 for all vz 1

and the continuous functions

Wi :D={ts)izs521, }> R,

74



where fi has @ continuous and pon positive partial derivative on £ with respect to

the second variable such thar

Hirry=10 Jor vzt Hiesy=0 for t>s524,.

- ﬁi Hi.5) = kit s)f Hi1.8) Jor alf (t.5)e
y

and

(2 lim Inl

[—z

; [H(.5)p()g(s)ds <o0,

g o
It there exists a continnous function € o [r,,o0) such that

i

. :
. Sl als _r(s)p(s) _ o8y ]“_
nukmmf”“JUJIHﬂ“h%}ﬂJ 5 h(1,5) p&jJHUJ} Is2

QT ) JorT, 21,
then equation (2-1) is escillatory.
Prool :

Let xis) be a non oscitlatory selution of equation (2-1), say x(ry=0 for

t2 71 2, Furthermare

Define

P01 (x() £ (X))
2(x()

affl = pii)

Thus for + 27, , we obtain
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(0 POV} pl0)r Oy ((O) fEg (O} x0)
g(x(t) 22 (x (1))

ﬂ;(f) = =p(g(e) +

ilence forall r27,. we have

P"Um{) o] w(r)

w(f) < - plHy{t) + () ;c_,kj r(r)p(t)

Thus. for every ( 2T, we have

jHU,J“}p[,‘:].:;{,w'}-:h.'5 IHU s}rrr{a}u’h+ jp{ }H{f sy s )ds— B, jﬂi"—}r

&ledy
PR L Lo FEETRA

£- H{I,x}m(.ﬂl I—Hr s 5 )eds |+ jiuff{r S5 )eds — B j f{f};ﬂ}m {(¥hdy

7 s
Kk, »
where B, = . {5 a pasitive constant,
3

wiz have

[Hiesypls)a(ords s He.T) oy~ J‘h{: s)JH (5 o(s)ds+k, j P( PO) v

[F] N iy .Ir’":"‘}

5 I F(t. %)

o @
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1

. H
CHET)+ () + [P0 e 5 PO
(0. 7,)+ o LHEJ | .;} o) H(1.5)

1

OB H[\}p('; p{ﬂ
- ' || hifr,5)— 1.I'H d
JVrone 2y [ - - ] F

And hence for 127, 21, we pet

limini

J—z

I}T 1

2
[mr ) pla)g(s) - ('?;’mlhu_s]_w {1G.5) ] dy

swll,)
. . :
. R Ht, n} l risip(s) Felfy
-1 ’_ A -
HmSup r)‘l TR AT [h“‘” () H““”H i

And there for by ;¢ we obtain

T,y 2 C(T,)

A = 2
- 1 [HJ.’{L.VJ _ fr(i}p p{u}
lims —_ s - .I' ¢
+ limsup T r'rl‘\ 1 50) m{a}+ 2y [I{.’ vy Hi

This shows that

l‘-!J|: }:"f}{.lr j _ﬁjr EVEry }r'! = |r|:| cirel

-r i ’
. 1 BHGE.5) L [r(s)p(s) ()
limsu ’ §)4+— | _ A% R s o0
A H T, ;;[[ r(s)pis) os)+ 2 \’ B, {h{hj] £(5) e )]J @<

Hepce .
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f

. 1 £
limsu j L FE{t, Yot (5)ds

from P H(.T,) 7 r(s)p(s)
+limsup | hit 5]—@\.{”(!*5} {H i View(s s < m
AT ) B

LE.
limsup[t/(1)+¥(r)]<en . where
U{r]=H : f IE’ ~H(t.5)@’(s)ds 42T,
(0. T3) 5, r(3)p(s)
And
N ’
V()= ”{I‘Tz)ﬁqh{ns}—i%JH{r.s]]\fH{r,s}m[s}cih'

Now consider the (g . we have

o | ' 1 1
T, <1 ¥4 a8,
(T,) < lim inf [I![I,TI} T:‘-H{f, W) 2(5)g(s)eds 48, H{1.T,)

x ]r(.‘;}p{s} h{."..‘r‘}—E@-hIIff{f.,!'] dy
pis)

LH

l 1

< limani’ I!.l’(r._'rj;:l{.v)q{.v}— bimyinf

Jawa f. ;}T’

d0LI0] PN Ot BN
H(;.?;J,—,I 4B, [h“'” p(.w:r"H“'”J ¢

And so, by Oy ,we obtain

. ?
- 1 rr(5)pls) N PLS) : !
!ﬂmf H(LTz]ﬁ[ 18, l:h{r,:.) P“)JH(IJJ] dy <

Then, by C 23, we obtain

7



. H
L [ret) h{,,”_%m ds <o
p{s

lien
e HETY ] 48,

This , shows that there exists a sequence 170}, v =123 .in ty.0) with Him?, = e
) A=pm

and such that

Iim_;_{{'.}p(s} AT .8 }-*"“)JH@, s} | dv <o

Flezat ff{-:lr:'l

wow suppose that
limind &/ (1) + ¥ (1)) < o {2-20)

let

o

1 206 e
.‘,r!r{.ﬁ']p{.‘f"} M R TIG

From the Ops , we have

Hminf 3, j He. 5] @ (b) =0
o -, T) (ﬂ}ﬂh}
Thus .
U=
Ience
lim/(7,) = (2-21)

By inequality (2-20) there exists a constant F such that
UTH+V(THY<F .m=L123,..

We have
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limF(1,) =-= (2-22)

Vi F 1
Uy U@y 2

By taking inter wceount (2-21% and from (2-22) , we dernve 1+ lor

all s sufficiently large | thus .

T
{_I" i -r.'.—-l for all lurge n.
iy 2
And
T :
lim ”_"j < o0 {(2-23)
LT U(?"

(n the other hand . by Schwary inequality | we have for any positive integer »

. . . . .
ATy < ,,] ["('5“’{"'} h{T_.,\']-MJH[TH.x} d
HT,. Ty B A(5)
T
W 1 HE, ) (51
; sy FHE,, T
: [ : 1
el ] i . Y . _M ! e tii
S T ]ﬁ[rmpc. )[h(r,,,a} ;?(IT}-.I'IH{T,,,:.}. BUT.)
Or
13(T) I Trs)p) pls) |
LT ) = H{T,.]";]T'J[ B, MT"J)_;){_&'}‘ Hil,.5) | ds

So . because of (2-23) . we have

Ko



3

fim ——. j’[”"’(‘“ KT..T,)- ‘”["“}H{r 9| ds=e
e HT, T B

Thus . forall £ 217, . we get,

limsu ]
Yy

A rrpoG

}jr{:.s')p(,w} h{ZL.&'}—Mﬂ'HU 8| ds=

]

Which contradicts Oy | thus supposc that

o

I

7, r(s)p(s)

@’ (5)dy < o Jor all T; 21,

[Mence . and sinee
T, s eTy)

we et

ey < oo

Q3 (%) A< 'J'mI(S)
SrNp(s)  Jr(s)p(s)

Which contradicts Qg , hence | the proof is completed .

Fxample3-Y :

Consider the [ollowing differential equation:
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(lb](l‘*—f“—}] x{)+ —— x40 +i]x’(:)=ﬂ Jori>1y >0
" iy w+2)|

We note that
I}ﬂ{r(r)=—1- Jor 1214, >0,
f

3
2«52 ix(m =5+ : 0 <h jfor xelR
{0+

’ 2 1,1‘1 }.1 ,

N Fi{ivi=y+ = .

ML= e Sy
»
I = yf (¥ Jor alf v =0

|
7/ eyt apt+

1 I i o
1) I1m1nl jg( ey = }ll:l;llﬂf' j— }lﬂ mf[zf2 + 2}"1] = v >0 Jortz=7 >0

Let

1) =20 then we have

;;(r} =0 and [r(r}&(r}) =0 foriz1,>0

ard let

H{.g_-.-}:( ,r—ﬂ:.-)1 Sfur =521,

. F)
5) umr{uminr ”“‘“’J: inr{liminf “‘”sz P

RE M TS ] ff(r”r“} LET N {I _'"n]

6) hmsup H{rl Ir(c)p(-; hir. v)— p{ )JH{I ds

] . Il}
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7) liminf ——— ]]H(;_s]pmq{_,.) (JP( N e, - p{ )\ e | as
“ ) f
= r'flﬂi“f (-1 r{fl’ —5)’ -—ffs——— J— edy

.
= 2imin{ j-r __2_;_4.1._ l& s
S f S ) 8y By

(I)=— weget

£ m—-—ﬂf{“ _“" s s Yl =
1) Jr(f]p(;} —r:f{, s yedy =

it follows from theorem 2-9 that the equation is ascillatory

Remark2-9 : theorem 2-9 extends the results of Grace [12] and [23).

Theorem 2-10

Suppose that ;.04 Oy and ;5 hold and
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£ o f '
Oy 0= [q"("]d‘u <= anid wa’u{w Jor afl £50
o &) ()

Assume that there exists a diftferentiable function
& :[ty.0) = (0.20)
such thal
(D) 20,

s

L]
!

[otsyds

Oy hmsup

I e

Oy limT]— “[ﬁ(.s'}._l‘q[u} d } ds =,

ez .I-ﬁl:.‘i‘}d" iy I

‘Then every sotution of equation (2-1} 1s oseillatory .
I'roof :

Let x{1) be anon oscillatory solution of equation (2-1) say x{t) > 0 dor r 2 7] 21, it
follows from lemma 2-1 ,we obtain ;c{f) >0on [T}  for uff =1,

Letine

_ RO ) (<)

v £(x()

thus forevery r 27, 24,, we obiain

24



PP () XD () x ()

@t} < —g(t)-k, < ())

thus, forevery + 27, , we Aave

A1) S AT, ~ Iq( ) ds — &, j’“ “’(?J(};E;g )

L rOPEOIND ’jrt.»-}*l*(x(snf{-(x)g'{.r(s-n

, ds + [q()dsS T,) = ¢
sey £ (x(s) q ,!Iq‘“ Al =

PP (T ) f ()
2(x(1))

where o=

Muluiplyving the last inequality by §(f) and integrating, and dropping the second term in

the last ineguality, which is nonnegative, we cblain

I(r[f}&'{ )]Md J‘la{s) r;(r}dr}/;ﬁcjé(x)dx

Now we use the (37 and integral the last inequality by parts 10 oblain ,

ks (YM) T(T]

k,r(05(0)
J ()

-k, I(r[.ﬁ'}c?[s] ].q {x{r}}x( }a’r v+ jr’i[.#}]q[r]drch‘
I T _ 1

L]

sc rjﬁ[s} ifs

n

b, r(05(0) [”T]‘”T“ k, j‘( DS j f(( )}du s + ja(s) jq(r}dr ds < ¢ jam s

xry SLH xry ELH A 3
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T

LI
L) e b rns0) J'

kyr(1)8(1) j o)

i (u;du k, j{r(.‘.]5 (5)Y j-—}ﬂ’u ofs

L

+ kg I{r{u}f‘}{x)) [ " ult ‘)duu’w jé{a) _I-q{r}cfnh ¢ Iﬁ{ﬁ}h"\

Set

et

. Wit
ey =
‘ J glu)

e W e

r(NSNGE) - HOSOHGT,) - J{r(.-.-}:b‘{.r}'(?{s}ds + HIDSOGT,) = r(T, (T, )G(T, )

!

15{5} jq{r}:f’r iy < kir.[:";.'l{\} ifv (2 =24

L T

b
.fr
we consider two pussibilities . Either exists a sequence {7, }n-u.i.... such that
1.
HT)8(T,)G(T,) = [(r(5)5(5)) Gls) ds 2 0
1

or there exists ¥y, 2 7, such that

HOS(OG() ~ ]’(r[.»}é(s;.]‘ﬁm di €0 for 127, (2-25)

L

!
In the former case we get that a contradiction by dividing {(2-24) by jcﬁ'[.\') efs we have
LF

ITH a{1)

HOS(0) j-‘f‘{uj P J‘(,(j}am] J‘"((}?d,, ﬂf5+—]—_j§{.s]]q{r]drdh'

[5syds ° £00 jﬁ[&}tf i o &L k [S(syds ™ 0B
) L

i6



< ¢ ]‘5{3] oo TG ()" _f ‘P(u]
2 | S(s) o T Iﬁ{;.ﬁ']rh’ &l }
7, n
- A1) vy t{t]. i
Jrf”ﬁ‘("] Fn} di < 1 J'( (5){5(5) j Fiu) jl;,- oy — ! _‘-5[&) jq Thedr ofs
[st0) ds @ 2{u) J‘g_.(g dy &) Iﬁm ds
n T

k, ! H
! If':ﬂ[ ey ° &)
;
lix 1zking the limit superior on both sides .we gel

< A1) ’T O

r(1)500) ‘I in)

lim sup -
J‘E(x] v © gl
r

fena

(S —oo

which contradicts to the Oy . In the second case we wrile

Rt = ‘[(r{.h' WD) Gls) dbs .

£

which 1s nennegative and nondecreasing .we can assume that T; is chosen so that

R{=0, £ 27, freun (2-25) we have,

F(A (G S R (2-26)

(8@ G) < R - (rOS0)GW)
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(r(N8O) Gr) < R(r)
From (2-26) and {2-27) ,we get

(MOS0 RE) = (r()5(0)) GUOR() < 0

Then
(FOSERO - ()50 <0

(r{;;a‘u})é(r)g{rmﬁ(:})'Rm : | (2 - 28)

MNow,

(r{r]a‘(r]]' _ RO 0sOY —{r(O5@) R
R( R (1)

From (2-28} swe have

()50 : >0
Riey |

Thus for every 1 2T we get

f r(noY s D
AR o

r(4)}é(r) > rNér) | r()é)
R() RO~ R

Then Jorall e2 7, we get

88
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R(I)

preatTie r{f)e)

Rit) &

¢ <r(NA()G() < R(YS R(T) ﬂﬁ%

Henee

Ry . R

0 <ty s — =
O (ST

Jor t2T

It foilows that G(l) is bounded ,Sav by A and noting that (r[r}ﬁ[f}]' 20 fort 2T,

Returning to (2-24) we get

ﬁrl_ BTEY jq(r}dr iy g ki Iﬁ{.&'}d\' + r{1 )0 (TC(T, )= A (1)) {(2-29
I i '

Tr

]
Now .dividing by I:'S'(s) ds and apply the Oz and taking into account (2-29) .we drve

Ta

fr I3
HE*—I_ Ilé(s} Iq(u]du] ii— o,
jﬁ{s] efs o

I
which contradicts (g Hence,the proofl is completed |

Example 2-10 :

Consider the following differential equation

(HII LRGN PN +(l+sim}f‘m =0 for 1514, 20
r+2 A x°(N+1 'x{!)+3 t

29



We note that

o
l—r{r]z"—J'—_—l}ﬂ arid limLzﬁmi‘—=l}(}. Jor 11,20,
£+ —n p(ry e i 4]

|
2- U<k, SWx)=——2 <1 for ol x€R,
X () +]

- liminf jq(,#)c!.':: liminf J(l + 3in_-,') ey = liminf[lnr -cost—InT + cnsT]
[ —%=0 T Jabm - 5

I —e

=w>=

oxg(x)=x">0 and g'(x)=3x" >0 Jor alf x=0,

L)
i 1 .
() ot 1 o g dii=— tan"' u°
S-0« = — = i = l RN 5
,Jg(n} !u“ +1 [—,{u“ +1 ; () ’

Let 81 =t we have (r(nDa(n) T >0 forall iz, >0

Hence ,

S{)



- FLES(E . o+
fi- Im supM— = IHMLIPW!_ =0<m
o{ =&ol L ) r+ ;—
{6(s)dds of
fa
_ 1 1 :
T=lim-——- Jfﬁl[ﬂ;} J-:_;{u}du ds =hm [.5' Ins—rx=sins —xlng, + scoss, ]:“
Term -+ I' -1
I Fisyds .
iy
. tInt O sing ) )
=Hm = lim —lInr, lim +coslim
T T R TR =2 =t
. ) ]
+(ty +sind, =4, cosiy ) lim- = o,
feem : —_ lﬂ

it [llows from theorem 2-10 that the equation 1s vseillatory .

Remark 2-10 : Theorem 2-10 extends the results of Grace and Lalli [11])and {23].
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CHAPTER (3)
THE BOUNDNESS AND THE OSCILLATION OF THE
EQUATION

[f(f)‘l’[I(fJ)f(—:f{f))) M= H(t.x(0).x()

1.1 Introduction:

In this chapier we study the boundness and the oscillation of the regular solutions

of the equation
(ru }*F{x(r)}f(hr)}) + gOR(EN = H{. x(1). x(1) (3-1)

We shall discuss the boundness of equation (3-1) in the case where ' (xirN=1 and the
osciliation in the case where WP{x{¢}) is ol more general lorm. Special cases of the

lunction f will be discussed.

3.2 Boundness of the solutions :

Nefinition 3.1

A solution x{r) of equation (3-1) s bounded if there exisis a positive constam

A ysuch that |x|[.'}| SM, Vizlzt,.

In the following we discuss the sufficient conditions 1o ensure the boundness of the

solutions of the fellowing cquation



(NUIUﬂB]-+MHRUUH=IMLﬂHAﬂH {3-2)
where ¢ and r are continuous functions on the interval [In:ml i, 20,r isaposiive
function, f'is a continuous function on the real line R with v (>0 ¥y 2 0 and
v 10— j f(dyduzk, v’ for some k, >0 and ¥ yeR, £ 15 a continuous function on
the real line R with xg(x)>0 ¥ x 20 and # is a continuons function on [fn*u::)x R?

with [FF(r. x().x()

s|pte) Vielp.0) and x. pe R,

‘Throughout this section. the following netation is used

Glo= g dv  and Irﬂ”‘: 2
n

r{s

We rewrite equation(3-2) in the following equivalent form

x(t)= y

. !
Ly ) =ritd f O =gl glxit) (t)

rit)

SOy =

Theorem 2-1

Suppose that

(13) Gix(eyy is bounded below and Gix) = w gs |.r] — @,

(Bzyqandr: [.*,,m}—r (0.¢) are nondecreasing functions on [fﬂ.m} and r{t) is bounded

Yzt ,

(133 } !1m Rify<w,

43



Then, afl solutions ot the equation {3-23 are bounded.

Pruof;

Since G(x) is bounded below and G(x) ~» & a5 [} » w0 say G(x)>~F, for some

A2 forall x e R . We define the funetion V as

Wv- d
RO W Y
o 20

A2,

Then, forall 22¢, . We have

oy~ X0860) _(GEO)+ B | s +3 109 = 1S ()
o) 7o) (0

¥ .
[.m-;r‘u-) - If(u)du]qm
- = 22
(1}

By {I) we get

Py = HOEEGD (Gxy+ )t o SO ) X)) HOL(3)re)
) () {0g) (O4(0)
ety [ﬂ'{y}— fre }cm]
_(Dg(xir _ o -
o) g T 2k

Then , taking inwo account above conditions ,

yOH (0. x(1))

i <
TR

Jarazie,
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Then . tor every £ 21, we have

i< i)+ O IO R: () J
(1) S ¥t} ! ) s

Henee , V21, we have

3 ()= | fledu

PP eviy< iy e [LOHGIED
"9 4 “ ”“J @)

. 1 .
Since v < E{y"‘ + 11 we obtain

) 1 V) 1 s W) M)

gir) 2q(r) 2k, 2k, it F(5)g(s)
Since ¢ is nondecreasing tunction, we have

16 O
l <P "*k Ijr[q;ug@)

L Vi)

where §, =
e fy 2q40) | 2k,

i% a positive constantl .

Ry the Gronwall's inequality , we get

. Lol
::{(::; < f +E.\{p[— u.['f—‘-—ds] £ f, <m

Therelore.

VY < Vi) + B, J’f ({;

di g f, <o
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. 0 I
Henee | Vi) is bounded since i) = _“:[‘ci-;fl
i

and {1} is bounded | thus G{x) is bounded and hence x(t) is bounded .

"This completes the proot of the theorem .

Remark 3-1; I g7} is bounded.then 341 = xi¢) is also bounded. This can be scen casily

trom {3-3}.

Example 3-1

Consider the following differential equation

=t -

(f:“i“‘l‘}{;(f}-{- X(I)J +1f.|'2 +3) = f+ ] sin xifrcos x{t) ﬁ;r t24, >0

We nole that

I-ﬂ{r(t):%él cirted .:‘(f}= >0 Yezeg >0,
i+

}
{1+ 1)

-y =2 +¥ >0 and ¢l =26+3>10 Jorall t =, >

3 |H(:_}(:},_r{.t})lzl" ““{"]m“{”l |——| pl6)  Jor allxeR andt ety =)

[ t+1

=

¥ ¥ 2 4

- !‘;
Fm f (3= [l = 2P 4 ey = 3 4+t =2 2
/(3 Djf( 0[( Y= 1"+ y 573

2

=21yt
L

£ |

1
p— J_
2
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4

S-xp(vy=x'>0  Fwall x=0 and Glx) = Ig{n}:m = ju-‘ it =§ 20—
it i}

forall xe R. B, >0 and Glx)—roo as|x]- o,

6- Rii)= j'p( N gs J’

| R -
—'_('E Thy —a TJ‘}

s+ 3

[mptics that

it tollows from Theorem (3-1) that all selutions of the equation is bounded .easily from

(3-1).

Theorem 3.2 ;
Suppose that the conditions {B;) and {B}) hold and
B r: [1n.m] — {(}.m) is nondecreasing and bounded function on [fn,m} and gil) is a

positive on [ty @)

(B yit)=

(i) —1
Fit)

15 a positive nomnereasing function on [ra*m),
then all solutions of (3-2} are bounded .

'ronf

Stnee G(x) 18 bounded below and Gx) — o0 o M ~» o say G(x) 2 -f, lor

some f, >0 and x eR ., Now we define the function V as

G() ﬁl

Vi = £3(3) = [ftwydn 420y

o7



Thendorall rze , we have

g G+ B)r(n)

(1) S IO S0 )

l"{r] =

Hy (I} we get

iy = ZOECE0) GO0+ BOr@) | yOH X))y /()0
() 20 ) o)
_ ¥()glr)g(x(n)
o)

Then | taking 1nto account the above conditions , we abtain

() < HOH( (). X(0) L 208GE) - v(n0g(ng(x(n)

r(t) rii) rit)
Lo SOHEDXE) (gln=1Y,
HOE ) [ PR ]{}U)g(x(fjﬂ

Then , forevery 1 21, , we et

V(1) <V (i) + [E2H {i‘;g”"["”m- - ][%—']y{s]mxu}m

I O LX)
(o) + J o)

oy = I}f (N v{)glx{snds

Ry the Bonnet theorem there exists o, € [t,.¢] such that

Rh



sla )

frinyigtesds = piro) [lx(s) xsxs = ytty) Jss(uyet
i I LITY]
el afr.t

2 7lte) [t —y(ty) ity
0 0

= pifg )r(x{a, )) - f{fn]G(IUn )]

Hence, Wr 21, . we have

(1) S Ve )+ j*"("'” d {';‘{':_g"')'x("'}};ﬂs = {0 G0, N+ p1, )G, )

Then . from the condition (B,) we oblain

V<V + ¥{tg ]G(-"{fo N+ ﬂ] plig)+ j_].l:-‘-}Hfi.{-:‘l;-.] .t(;-)}‘ig

Hence  forall £2¢, . we have

kox? S 37 ()~ [ £l S V(Y S V() + 700)G(x( ) + Bytiy)
v}

PO OO
F(5) -

Ta

ahg 20, we can obtain that

ke [.VI + ]]5 ko + V(1) + pit, }{G{I{-’u N+ 5 }+ ]-JJ(J’.}I“-:“;?}.-r{-hl}}d-‘f

But }'5%(_}-2 +1) and k>0

99

(3-4)



. k
Then 4,y % -21{_}'1 +1)

Hy subsututing in inequality (3-4) we obtain

MsA+ Zk }(T}H[i(:;JLI(H] el
D :

where f2, = 2 l (15} ?'(fn]{;(xifu])+ﬁ]}’(1ﬂ}

15 & posilive constant
2k, 2k, 2%, P

There for , we have

i lpts
lrefs 8, + f )]]1( s
?.kn .
By the Gronwll's inequality |, we pet

|1(:‘}]Sﬂ L\[’I'—J|p{ }'ds sﬁs < o

Therefor .

(3-5)

FUYSV () + f j%%dx SF(t )+ (0B, + Gixteg ]+ A, j']f’;:;[ ds <o
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Hence . V{t) is bounded . Since (1) aui”;ﬂ and r{t) is bounded . thus G(x) is
ris

bounded and hence x(t) is bounded |
This campletes the proof of the theorem .

Example 3-2

Consider the following differential equation

Y o (e ¢ 8x'( )y 1 3sin 4t
[[fi -+-]IIU]+IU)H +(l+r" +III m+1+xs(r} - 2t + 1y g (l+cos*20)

fet, 25

We note thal

2

f >0 and ;(r}=

\ |:-r(r]=’1+] (t+ 1

>0 forafl 121,235

gity=1 [ 7™ 24 -
{(2)p(ry= s :[ 1+I—-I] —='¢" 50,

piny=8fe” — e =511 0 Vizt,

[%

5,

- | | 1 L sindy !l sin 3¢ [
”U'IU}J{”}I_|2(]+f2]1 (1+cos? 20} ™ [(e? + 1)1 + cos? Er)l_lﬂm‘ '

(3)

. L N . |
4 [ - d = ].t. .lﬁ_:.}—_'p_z.'}__f._ -GE_ 2*
(4 Jf(u) W=yt 7 5 T3 2y

K

7
Bx 1):1-“]'+ 1:1 I::r[]' Jor afl x #0and
X +

(3) ag(x)=x{x" + .
r +

101



I

Glx) = jg(u}du

n

x

¥ T w
=||u’+ BRH ]{J’u = “—+ln{_n“ +1)
. w +1) 10

Q

and fo=Cand Gix) > s {x’ -,

IIML*’-’" ) fj [sin 4] 574

P iy
; («* + D +cos?20) 52

(6) i) =

o oris)

_' [i:ln-lsl 'u‘fi_—l L
j ds EJ--__I_-!-

¥ (3 +cos? 24) AN fo

[lenge,

]m‘.H{f sllm(———}— ! <ud,

—reo 8,

it follows from theorem (3-2) that all solutions of the equation is bounded .

Hemark {3-2) :

1
=Exm+ln{_l+x'j2ﬂ}—ﬁ, vre R

Assuming, in equation (3-2). that f(x) = x, then Theorem 3-1 and Theorem 3-2

extend the results of Burton and T'ownsend | 5], Burton I6]. Olkhiuk [24] and Greaf and

Spikes [13] 1o more general solutions.

1.3 oscillation of the solutions :

1he oscillatory behavior tor the Differential equation of the (m

(r{rrr(xm}f(}u»] +q(0g(x0) = HEx@.x() 421,
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Will be discussed in this section. where q and r are continuous functions on the interval

[ty ). 120 ri}isa positive function , f'is continuous function on the real line R with
y Hyy= 0 forall p#0 . Wis continuous function on the real line R with
P ¥yeR, gis continuously ditferentiable function on the real line R except

possibly at 0 with x g(x) > Oand ¢ (x)2k >0 Jor alf x =0 and H is a continuous

Ep(f}'?'fe[ru._oc}._}'e Rand x =0 .

. . . ot v,
function on [.rn*m]x R? with _“:'_rl
gix

Throughout this study. we restrict our attention only 0 the solutions of the
differential equation {3-1) which exists on some ray [’u ) .1, 20 may depend on a

particular Solution
Theorem 3-3
Suppose that

(DO<Ht)y ¥ 21,

(2) D<k, SWix(s)) < &, for ulf xeR,

o<k <L <k por wnrywn,
F

4]M5 pit)y for aft x = (}..;'[-'}ER fE[’n'wJ .

2(x(1))
/
() j&—} =,

© [lgts)- p()]ds = o,
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then every solutions of cquation (3-1) is oscitlatory .

Prool ;

et x(t) be a non oscillatory solution of' (3.1}, say x{0) > 0 for ¢ 2 fy Zt,, lhen

r B » . ! \
[ () {x{fj}f{x{f}}J () (G Dg (etry) a(n)
(1) g ()

AN @) | _
(<)

HEA) | VO GOE )
glx(1)) & (x(r))

£ pit)—¢(r) (3-6}

Then, for everyr 21, we have

rOFEO D) )P )

BE) sty el

By condition (6) there exists 7, > ¢, such that

SO0 forexT 2y,

Then %t 27, we have

x(ry<o0 SJorrzT,.

The condition (6), also implies thal, there exists 7 > f, such that

J‘[q{s) - p)]ds=0and [ly(n)- pis)ds 20 forrzr

104



[ntegrating Equation (3-1) by parts |, we have

PUPHUOL ) = FTMHRTY f (T + JHcs. X(s).x(5)) efs — J‘g{x(.v}}q{x} s
T I
< PIYERT) S ) - j {x(n)}[q( )= p(s)] ds

= r(TYHGT) S () - o(x(0) las) - p()] ds+ [xtshatatsn) =
T T

ﬂq(u} - p{u}] efid ofy
T
Menee , lor £ 2 fowe obtain
it )‘1‘(1{-'})}“(;'[!)} < rl?'}‘*’(x{?'}).f(;(?‘}}
Then . for ¢ 2 7', we have

Kok (050 S O ATNSTY)  for i2T

Thus

PR NS ]
Kk, rid}

x() <

By integrating the last inequality from T to t we obtain

x(1) £

asf—w

r(T]LF(T{? ])f(t(”} j‘
r(‘s}

which is a contradiction to the fact that x{1)>0), Hence, the proofis completed.
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Example 3-3 :
Consider the lollowing differential equation

+ L)

: 1 . " s Lo
[I_-J[2+_Lij 3x(r]|+_lxL +[~I~+.~:inr]x(r}=ifuir-ﬂ =0
AT+ () +1 T+

We note that

h) o - =
]-ﬂ-c:r{f)=’— and j£= f—f,—ld-.':[ln.s'—l] =0, >0,
- s 1,

7+ ars) s

() .

2- 028 {x(iN=2+— <
x+!

for xeR .,

Fa. 2
-0 <3< S0 =3+ : ] <4 Jor alf v210,

1- H(r.;:{f].x(r}] 3 x* cusrsin.;: 1 x! cus:sin.;' I

1
) A o x Paen SR P®

V.;'E R.xeR andt e [rn,m),

S = ]

5- _ﬂq{.ﬂ'j - ;:-{.n-‘_l] oy =

fy

(1 1 ] 1 i
—+50s—— |[dy=—v—cosv+—] = |
7 SE 2 | .

s],

(L] n

it tollows Irom Theorem (3-1) that the equation s oscillatory .

Remark (3-1) ¢ Theorem (3-1)extends the resubls of Grafe , Rankin and Spikes [{4] and
exlends the results of [20]

Thewrem 3-4 ;

Suppose thal the condinons (2}, (3), (4), and (3) hold and
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(7 Hea(s) = p(s)]eds <om,

ip
f
(8) liminf [[¢(5)— p(s)|els 20 for alf fargeT.
;

(9} ilm J{l—jq{u}— p{u) duds =m0,

then the super linear differential equation (3-1) is oscillatory.
Proof :

Lel x{r) be a non oscillatory selution of equation (3-1), say x{(f)>0 for r 21, 214, .

then trom ecquation (3-1) we have

P ) (5D :fﬂhiﬂhﬂﬂyﬂﬂ”_rUTHIUHIGUDgTHUIHH
(¥ 2{x(1)) g1

< pie) — gt}

Then, for every & 21, we have

AT ) _ r(B)F (x(6).S ((6))
RGE) (o)

- [latsy- pi))as
]

Now, il x{r)> 0 forall ¢ 2 6, then by conditions (2) and (3) we gel

:{r]x(r) TOPEONSCB) Yy
R S ety ek

By condition (7)., we obtain
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o < FOYCO) B

- [lgtsy - p(s)ts
*

g(x(5))
Hence, tor all 42 & we obtain
IO VIC0) PO

8= ' d'— 1y
ﬂq() p{s)]ds ) )

Now, by integrating the last incquality we obtain

I

] " r
; r_(",j ;[[Q(“] - P(”}}m ds Skyk J

J:'(.'.'}f.".',' -k Y du
gxs)y o aw)

Hence, forall 1 2 5 we gel

Hj' el

— 20 v = ot

1 -I m
;'.I-:{_‘S J[‘?(") - p(u]}.’fu ds Skyk, P

This is i comradiction w (9.

I x(r) changes signs, then there exists a sequence {e, = o such that x(e,)<0 . Choose

N large enough so that (8) holds, we have

AP (X)) e ) S (xey)

- [lgts)— pts))as

g(x(1) - glx(e,))
S0,
]'ﬂ £, rf:j:'; 13[:;; )] < ricy )tp(g T:’{‘;::I) ;;-{-‘C(L',a.r 1) + !!]TJ]{— J[q{.v} - p{x}]ds’ <0
lience,
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lim Fix())<0.

It follows that

fim x(1) <0 .

i=pm
This is contradiction 1o the tact that x{#} oscillatory.

Then, there exists £, 27, such thatxi{s) <4 for ¢ 27, .and by condition (B} there exisls

152 15 such that
[lat)- ps)lts 2 0 forall 1 = 7,
A
Choosing T, 2 ¢, as indicated. and then integration {3-1), we have

AP (X(0) S (TP ) S () - L)) j[q{.s-J - p(o}s

JT(S)E (x{5}) _ﬂq(u} Pl e oy

I

Hence, fur every £ 24,0 we have

kky XY S P(TPAT ) £ (H(T))

=¥ =03 Gy =y D2

w0y s+ LEDPOC })f{r(? ) [ s
r(s

which is a contradiclion to the fact that x(1)>0 for 1 2 1, . henee the prool’ is completed.
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Example (3-4):

Consider the dilferential equation

A
I[E+ N 71 UJ‘"‘ {!} +Lx (1) = X -:::}ﬂmnEx .

K i "
I+ x+1 ‘2 !

We note that

N0 <rity =1 and j%=jld3=lns|:’ = Jor 11,
Jris) s :

x'{r)

2)0 <8 Fix(rn =R
JO <88 Pix{)) +x“'(r]+1

<9  for all xelR |

i
N0<7< P o9i X o8 foraly=o,
¥ o+l

1 H(J'..:c[r]..r(f}j _ x’'cosxsin2x
gy O

] []
S5 =pl) VxeR.xeR ondi elt,.=)

.:;{u.) p[\}] s = Jl-———] S=_—l+ 11 <w
b

5 2y
G)Ilm inl J[f,r{-. p(s]]d'. = llmmf J[L -%} els

f
=liminf[_—1+ 1 ]=;-%}U.

b
f L

.-_.
-



=

oy R
_ - fu v = -
?}}.E I;I-“:S:' ;ﬂq(u} ! (u)]t 1 el !Lﬁ_‘j‘u 5_.![ )

du  Tf du |
= J-—1 = —1{ RN | =

=——<w forall e>0,
o #() at 2gt I

it follows Trom Theorem (3-4) that the equation is oscillatory .
Remark3-4 : Theorem (3-4) extends the results of Grafe Rankin and Spikes [14] and

cxtends the results of | 20.

Theoarvm (3-5) :

If the conditions (1), (2) and (4) hold and

{13 !Ln:}Jﬂq(u]—p{u]]rfudv =,

fala
(D) oI 2k (f(IP for all yeR.E 0.

then equation (3-1) is oscillatory.

Prauf:

Without loss of generality. we may assume that there exists a solution x(¢) >0 then
on [t,.0) for some ¥ 21, 2 0.

Now. From equation (3-1) we gel,

111



(r(r}‘!‘(:r(f})f (x(s ]}) _ HOP () f[:}{r})g’(x[ (1)
(1) g ()

RO G | _
2{x(1))

_HUXO) o ra(0) SR )
gD £ (x()

POV N (S ()
i)

€ plth=—g{t)-

Thus.for every ¥ 21, we have

PGS () _ rO¥(T) S
gx(0) g(x(TY)

REOIEOTEONEEOM
r. &)

- f(gts) - plsyds
;

Fronw Last inequality we have

POF O () 'Ir(swtx(sng'(x(s})it.s-]ft}(.vn

’ ds + [(g(s) - p(s))ds <
gy 2 Gx(s) i+ flao-pondssc

where ¢ is 2 constant.

From the conditions, we get

HOWGOV ) | - [ (:05)

I VPR
g{x(t)) ; (A () ﬂ’-HJ(Q(-SJ plshdvSe

Asecond integrating yields
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1’ r(-‘}'["{.Tl:.‘-‘}]f{-;'l:.‘-']} Bt F(H]"]J[Il:i'l‘]}f(_;:(u]} ) ['"
t 54— e s + = - ’
! J 2(x(3)) dy + p J!{ () ] v + . JJ[Q[H} p[u]] TR

K,k

where B = i$ & positive constant.

Fort 2 T, by condition (10}, we pet

Iimi rﬁjll'{:x{ "I;})'JI(I{H}} efy = =m0 (3-7)
famic f Bix{al}

Defining:

[V

Rin=
O )

and applying Schwarz™s inequality. we obtain

i

Rin=

'J-r{-v)‘i’(-r{-v})f{-;r(s)) B

II . . . ? ]
¢ [y o s
g{x(s)) ;

; ; g(x(s)) [

. 2
P50 (x(5))
2(x(s)) \

ds forted

y
=¢-7} |]
/

2
ds {3-8)

. ’Wr(ﬁ}‘i‘{x(ﬁ}lf(ﬁﬂ)

(x(s)) \

r

By condition (10} implies that for sufficientdy large t.say 1 2 7, 2T, we get



SIPY ’J'(r[u)‘i‘(rin)]f{-::(ui}
f i Tr

glx(u))

:
] dudssQ

Then, Wiz ¥ owe get

[ T
KO B

! !

I b3

It fedlows that

8 :{R- () s < k(1)

.ET'.S f

Thus, forall ¢ = 7, lust inequality becomes

Now, we define

NI
D1} = jmm-
T ¥
‘Then,
2 :
B 20 gy
@)
Integrating, from 7, 70 ¢ we have
1 1 I

B In{—)< ———g .
7 ®I) o OT)

Hid



This contradiction, hence, completes the proof of theorem,

Example {3-5):

Consider the following differential equation

e (4+ “uwy Y- (1) M

(i) ++ +'0(n= SITL - Jort >0
?+1 2% (1) +1 -:(f}+| x*(y+1 ;{f]+l

We note that

) O<rity=——=<l  fari>0,
i+

r“m

2) O<d =Y (xit =4+
Vi + |

<5 firxeR,

3V xgivy=xt s 0and @'y =3x? 5 0 Wy 2 i,

5N/

O N

. ul
4 Hiox(tx(@)) () . x(n)

S EINS .,

" 2y 2 z

::-l‘.]ﬂ:rrm’f_r:t{]andf (3)=y? 1 [- )__4y
roF1

—f {(M<ylsy +}“+ =3f(3) ¥yeR

(=3 +
IO

6)hm— Jﬂq[u} p{u}]n’me’f- = Izm ”-[u - &In u]a’nu’x

*u*u.
= lim- JI—+m:H ¥ ———r:o:,r }1
I= IHDI'

ik tot .
3 lim=| —+sint —-— —seosy, -2 —sinsy (=,
4 4 - 20

foaat f

[15



it follows from Theorem (3-5) that the equanion 15 oscillatory.

Remark (3-5) Theerem (3-3) includes Theorem {(4) of Greaf, Rankin and Spikef 14} and

extends the results of [20].

Theorem (3-4)

Suppose that the conditions {2)-{4) and (8) hold. and

(13) u]‘ ofy

flIr{.v}

=,

- ! ¥
S ‘f;:;‘g:ﬂfﬂ"l - pn)]du ds =o0.

then all solutions ot sub lincar equation {3-1) are oscillatory.
I'ronf ;

Suppose thal x{t}is a solution of (3-1) with x{()>0 for r =T = ¢,, then

(r{r]‘l’(:f(f])f(x(*))] . YRS ()2 (x(1)) X(0)

[rum:c{mf{frma] _

2 (x(r) 2(x(0)) )
_HUx0)x() o0y OO GO ) w00
g{x(1) 87 (30

S plit—glt)

Then. for every r2 7', we have

PP S(0) D) f(T)
#(x(1)) #(x(T))

- Jlats)- p(s)les
T
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If x(ry =0 for r =1 we have

 HOXD)  ADTEEAE) T
— .'1."_ I. f-
I:Jr(!}]l g(x(T) T_ﬂ‘f(} P(#}]H
Then
)
2O
where e TP LT

kol g(x(TD}

Now. multiplving the last inequality by ——{1—] we oblain.
!

(1) A
glx(r)  rin) Kk h ) ;

[[qc )~ pis) Jds

then, forevery ¢ 2 T, we gel

x(s) M i
Ig(x(s]) Ejjr{s] s I e }ﬂ"(“) pn) du ds

T T

xith

el 1
.J]g{ﬂ)g kyk, ! rm - J_ j[‘f{"? plar) el ebs
where M= Mk, k,

From conditions {1 3%nd {14) we obtain ¥r 2 7 that
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vifp
1= .

'”.}g{u}

Then. ¥r = T we obiain

A
nry g{u)

—*—00 a5 [ =3,

This is a contradiction.

wows il x(ry<0 , we obtain

Kok, rit) t{r] M ({0 [.L(T)}
3

ﬂc,*{.s‘] - p(.‘.‘]]d‘;
T

g(-r“}} g{x(? }]
Then,
WM
é-"i-fif}lsr(r} kyky (1) H”” )]s,
where M= PCEVR T F ()

;‘3'&5&'{1{?'”

Forall r =¥ we abtain

e e
ey dv = f J
:‘-[H(I(S)} s -l-r(i.) ko, ,-.Jl'"( ) ; _ﬂf () = pli }]dn s |

¢

= %[fitf* f ﬂq{u} ﬂiuJ]dﬂtfﬂ}

riy)
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where
M=23 ”kgki

From conditons (13) and (14} we have that

1o = | ) e oo a5t

7 8{x(5))

Hence, since x(f)<x{T), then forall s = ¥ . we have

1)= j i _r”.] e _[ _[ et J g{u}]}_x[{! _d.i}—aa,_,

oy E18) x{.'};'r(”j g &0)

which is again a contradiction.

Now if x{s)changes signs, then there exists a sequence {Ch‘ } such that x(c, )<0. Choose

N large enough so that (8) hold. we gel

VGOV (50 | rey e (xdey )
= - P — s
2 (X)) #(x(e) Jlator - pss

L OGN SO0 rey ey ) S (e, )

1mem £lx(e)) - glxiey )}
+ !Em{— J.H{?{S}_ p{_ﬁ')}dﬁ} <
Henee,

lim f(x(t) <,
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It follows that

lim x(r)<0,

=+

which contradicts the fact that x{t} oscillates .this complete the proof .
Example{3-6):
Consider the differential equation

. 4

2|0 -
{1 XD y x (1) : X1
- 17 Tixdfy = =
(r (2+x’{r}+l] x(r}+;?|“}-|‘1 +{f+23x*(H) 4ﬁ_J'I(F)|+1 J=0

We note that

. s Ty 1
1} G<r(ty=1" and ,[_1.:.[_::_: r>0,
Fis) oy 2,

1 {1 X'
E}U«:EEL}'{IUJ}+(E+I‘—M;—J£I for xeR,

. hy
3) D{]?£M=1?+§—- Joralt y=0,
¥ y +1
. hd
gy Oy B0 1 x(6) 1

= X = - s_
gl A x(n] +1] xi{r) | x+1] " 4

“Cdu f 3 2 dw Tedu 3 :
1t : ad [i:-(— g <o forevery £>0,
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1=

' re 2T
&) limin{ J[q{.w]— p(s)]ds =limini j 9t 5= |y = liminf| Ly +5 ] —ecn,
= ; - b 4 4 rJ‘ ;

o &

7} I;[J";T}‘ﬂq{”) - ;:-(:.*]]du ds

(L]

-7 1 n, &
=—+—1n5——2+ -+ =
45 2 Hy Ay

it tollows fram Theorem (3-6) that equation is oscillatory .

Remark (3-0) : Theorem (3-0)is an extension of Theorem{ 8) of Graf, Rankin and Spikes
[14] ] and extends the results of [20].

Theorem 3-7 :

suppose that conditions (1) —(4) hold, and morcover assumce that there exists a

difterentiable function
,e:l:[i'u,no}—> (ﬂ,m}

such that

(>0, p(1)20 and (r(r} ;';m] <)

W for every Jarge T there exists 7, 2 T such that
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163 lunanf i[p{.v}][q{n} - p{u}]u’u oy ==

nooon

17} [pt)lats) - pls))ds=eo

fa

J- dy
Jr(x)p(s) ’
then all solutions super-linear ol equaton (3-1)are oscillatory.

Proaof :

Let x{f} be a non oscillatory solution of equation (3-1}, say xif}=Ufor s 27 21,

* Fix ' . : y
=[rff> *f(”lffx“”J _ PN G L) 1)
<) g (1)

) S ()
g{x(1))

A0

glx(t)) o

<~ [¢(1)- p(0)]

Now, we consider the following three cases for the behavior of x(#).

Case {1}

If _:c{f)nscillatcs, chaose T 2 ¢, so that J.c[I'):U and condition (16} hold, (hen integrating

{3-6) we obtain



4

POW () £ (X ()
5 - )= i x) ledy
prror rj[q(} pis))ds

Multiplying by p»{7) and integrating from T, to t we obtamned

() e
¥ I — ¥ - el <.l
ﬁ[ﬁ’[i) Y oy TJI’;?('-]T:[[C[[U) p[ll}] u:f <

where A aconstant

M

HOTH( D () PN I
p(f}[ T ]5 J[‘:’(-‘*] pis)]dds

Thus, lor every F 2 7, we gel

IP(-"F r[.v}ti:(x[.\'):‘] F{x(5)) ds < - jp(s][q(s]- p(s}] s |
; £ ()} ;

3=

(3-1(h

POV )  pTIrTIVEARDS Y | EOLOLEC YN

£Lx() glx(T. N
- [ lgts) - pt)]as

f

Frovm inequality {3-7) we ubtain

#ix{s))

POHOP) [0  PTIARI VTN D [0 Tt = ptoo ks
T, 2

gx(t) g(x(1,))

= [pto)lats) - p(s)]ds
H



< 2T }‘I’(X(?])}f(;r{ﬂ ))

+A- jp(.s}[q{.s‘) - p(s}]ds

£(:(T)) ;
nm“m“””“”V““”SAuymmeﬂﬂ—mnwL

r—-e gix{r))

h

g PRV ET N (KT
£(x{T,))

where A

Hence ,

fim p[r‘;r(r]‘l’{.r[r]}ﬂ;c[t}} N
fare glx(r))

Then, i fillows
Iim Fixfey <0
Henee |

litn x{r)y<{)

| )

which is a comradiction to the fact that x(s) is oscillatory.

Case (2)

Now, if x(+)> 0 and by integrating (3-9) for every + 27, we have

POV () ) S ()
() g T}[;J{ﬁ )[q{.'r) p[.s]] ds +T;{ 2 09) s
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PO (T Y () FOX(T, )
(=T

where 4=

From the conditions (2)and (3) we obtain

pOHOX( A p(e.)r(mm
% AN s oy +
w0 SR H jm[n) p(s)] I 0D

I3y the Bonnet theorem, for a fixed £ € {7,.¢] such thxt
!

x(w)
j(( )p(n)] }n*u r(1) P U, }jg[t{u)] “'"

xie,) r..’
=ril 1t —_—
() it }z[;[] e
Hence the last inequality be comes
;J{!}r'{.f].:;(r} A" 1 koko T
- } iy % T i
o IR TR rjms[wﬂs} g s e )¢ ).(,{]gu-;»
;:(:}r{:);.-m A" My
oy SEE H me[qm pm]dw r(T]p(T)”{} o

Iy condition{17) we oblain

A
o g{x(f))

I following
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limx(1) < 0

which is contradiction to the fuct x> 0.

Case (3)

If x(1)<0for sz, forsome t; 21,

Mulliplying equation {(3-1) by pir}and integrating, we have

1) [r(r]‘f'{r(f)]f[-;tr])) +o(g(De(x()) = p{r]Hu.}(s}_x{r}} TN

Pty [r{r]*i*(x{rnﬂ-?(r))] < —phg (g0 - p))
NL‘}W_
[;:u }r[r}T(r(f)]f{;c{f)}) < - o] @)~ P+ OOV EE) S (XD

Then, tor every 1z, we have

[P(fir{f)‘*’(xit‘))f{;(f)}) =;?(f}[!‘(f)‘i’{x(f}}f(;'(f}J] + PO ) f(x(0)

<~ O)g() - p)]

‘Then there exists 1, 2 £, such that
jp{.s)[q(s} - p(»)]ds =0 and J;J{ﬁ')[q(.‘i} — ‘r;r(.w}]:.!’.s' =0

I
f
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And inlegrating equation{3-1) we have

POROFC) SN < ple el FERED D) - [po)strts gl pis)]ds

sk ORI X0 S ple (6B (06)) - g [ p(sdlgts) - plsy)ds

+ [xts) gt [otenlan - piu]du s

S (L (L PO ) (¥,

PUIEIPUN fx,)y
Kok, Feltglaty!

,;r[r} £

Thus, foreveryt, 27 we get

x5 x{3+

— 00 Gy f =

P{.h}r(fa}‘l’(x{m}f{.;(@)}’I s
koks s plsir(s)

which is agene contradiction. Henee the proot is completed .

Fxample (3-7) ;

Consider the differential equation

| x® (1) . ;c{fj ( SINS ) L2 sing GGS{.::{I} -1}
- ] — N — . = 0
{.’[54_;;"’(;]4-11 Ix()+ }I“]_HH +| ¥+ - ]r (N T J >

We note that




I]i}{r{f]=} Jor >0

&
052 VMxrin=5+ :“j <6 JiwallreR |
X (tr+1
30 =13 £M=13+ _,_] < |4 Joraliv 20
v ¥+l

N

4 H[r._;:(f}.,r(l}) _2xM sinrcus(h n 1. 2x7 SinfCﬂS(.;'+ b2
2{x(s) (x’ + 1’ x* (x" +1)? ¢

[t

Ay=¢  then ,.:':I{f)::t . (r{f};‘:(f}) =_—11r:[} and
!

5) [e(s)ats) - pts))ds= J.i‘[_',' - ;_] ds=—+ E

2 ¥

=0 _

T 0 4

" ds T __szm_m
{’].,I (o) I o _?l,u B

r . 1] f : X
Tyliminf jp[.'r} () — F(u]}du s = }irn mf J(%‘f-%] dy =
2 LA

g 1 v

, £ T o1 T
liminf] — —=—(L - )y ey 7
[a Y rﬁ) 6 T 5 rﬁ}'

It follows from ‘Theorem (3-7) that the equation is oscillatory,

Remark (3-7): "Theorem (3-7) extends the results of Graf, Rankin and Spikes [ 14].
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CHAPTER (4)

SUMMARY

[n this study we consider the problem of determining the oseillation and
boundedness criteria for second order nonlinear difierential equations with variable

coefficients,

We apply the averaging technique 1o discuss the oscillation of those equitions, [n
many instances our results will include, as special cases. known oscillation theorems for

les general equations.
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