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In the name of Allah, the Beneficent, the Merciful

Introduction

Recently there has been a great deal of work on the
Oscillation Behavior of Solutions of Neutral delay dif-
ferential Equations Or Simply Neutral differential Equa-

tions In short NDE.

A Neutral delay differential Equations is a ditferen-
tial Equation in which The Highest Order Derivative Of
the unknown function is evaluated Both at the Present

state t and at the past state, that is, both with and without
delay. for Example,
%(x{;y, Pxle— )+ ql)xl—a)=0 forize
where ¢in>0. rek-{8) re(v.n) oejnwn).
The Problem of Oscillatory, non — Oscillatory and

asvmptotic behavior of solutions of NDE is both theo-

retical as well as of practical interest.



‘The Neutral delay differential Equations of ihis tvpe
appear in networks containing loss less transmission
lines. Such networks arise, for Example, in high speed
computers where the lass less transmission lines are used
to inlerconnect switching circuits,

[t is known that there are drastic differences in the be-
haviour of solutions between Neutral delay differential
Equations and non-neutral delay differential Equations.

This work is divided into 4 chapters.

In the st chapter, we give definitions, lemmas and
remarks, which are needed in the subsequent chapters. in
the 2nd chapter, New Technique to Analyze the General-
ized Characteristic Equations to Obtain Some Infinite In-
tegral Conditions for Oscillation of the Delay Differen-
tial Equations.

In the 3 rd chapter, integral conditons for the
Oscillation of all Solutions of Linear First Order Neutral

Delay Ditferential Equations,
In the dth chapter, We obtain some new sharp

sufficient conditions lor the oscillation of all solutions
of the first order newtral differential equation with posi-
tive and negative coefticients .



CHAPTER (I)

In this chapter, we give definitions, lemimas and theorems which

are o be used in this research.

Definition (1.1):
A differential equation in which the highest order derivative of the
wrknown fuiction appeary both with und withouwt defavs is called

Newtral Delay Differential Equation "in short NDDE"

A general lorm of Neutral Delay  Differential Equation of  first

order is of the form:

Leteys gl =26l — £, ()

et

+ fexfe)xli =t xlr =0, (1))=0

where

im{s =, {=w=lim{t—o, ) i=1L2.....;m
= f=rd

F=L2.n

[n this work. we shall be discussing the tollowing first order:

%,1’(!]-3— ;}.r(r—r)]+q[£),r(£—cr)=[] (1.1)
[



lor t 21,
where 1 e (0,0),0[0.0), peRr,
and g:[r,.)— R is continuous with ¢(r}> 0

ih this search we shall be discussing the tollowing delay and neutral delay

differcntial equations for 1 2z,
Linear first order Newtral Defay Differential Equation:

d

— i)+ Pl =)+ ¢le)xlr—o)=0 {1.2)

where ¢i{/)>0, PeR- {{11‘ re{l,m), oe [f}l?m).

Remark (1.1}
IfP=00o E({J,w)rhen the equertion (1.1}

becomes linear delay ditlerential cquation of first order.

L+ q()x( - o)=0 (1.3)

dt

bud



Example {(1.1):
cd R
—|s )+ Px(i-1)]+ g, 1)a(i-0;)=0
(it P /

where Pe R, g{n)> 0, re(lm). oe [ﬂ.ﬁo].

Example (1.2):

%[-TUH Pafi=1)l= Ax{)-q(0)x (=)

Example (1.3):

n=th vrder Newtral Delav Differential Equation

IIrH
—:T[I{f}-l- it - T}]+£f{f]-\'(f—ﬂ)= 0
off

where r e {[]I_a:.),o'e[{]l,m), Fek =0 and ¢it)>0

Definition (1.2):

‘The solution of equation (1.1} is a function x(fe C{[IU — 1), R)
Where r = max {r,o {such that

(i} x(7)+ Px(r—r)is continuously differentiable for 7 efr,, w).

(L) x 1) satislies the equation (1.1} for £ 24, for some 7, & R

ad



Remark {1.2):

(i) Let that ¢ be initial function and continuous on the interval
[[ru—r,fnj. R} where r=max lr.a!  then x{ti=g(on  the interval
[to = r.10].

() By using the method of steps it follows that if
g(t)e Cllry = rag ] R )then equation (1.1 has unigue solution x ¢7) such that

x(£)= g (1) on the interval [r, - r.ig)-

Definition (1.3):
Oscillatony: and non oscillarory, eventually positive and eventuaiiv

negative finctions,

Assume that x(7)on the interval [r{,,m_} be a solution o f eguation (1.2)
then x{(¢) is called oscillatory.

EE x(r) has arbitrarily large #ero otherwise x(r} is called non oscillatory.

Definition (1.4):
A solution x{(t)on the interval [f“,:r:] of equation (1.2) is calfed
asciflatory i for everv & >t there exist 1+ >ty such thut .1'(I3)= 0,
otherwise non ascillatony if there exists 1) > 14 such that ()20 for

R el el



Remark (1.3):

If the solution xf4} on the interval |r,.«]of cquation (1.2) is non oscillatory
i must be either eventually positive that is there exist 727 24, such that

x(r)::- 0 for + 2T or eventually negative, that is vy <0 forr2 7.

Definition (1.5):
fogration (1.2} iy called ascillatory,

if for every initial poivi 1 = 1y and ¢{t)e C'([f, -r rll R)ihe solution of

equation (1.2)with initial function ¢ at 1, is ascillarory.

Lemma (1.1):

Assume that x{r) be a solution of equation (1.2) and so then the following
function:

() Z(=xir)+ Px(r-7)

() W =2Z2{n+PZ{1-1)

are solution of” equation (1.2) where Z (1} are continuously differentiable
and (i) is a 1wice cominuously differentiable solutian,

IFor reterence see [11].

Proof: Lemma (1.1);
(i} since equation (1.2) is autonomous x{r — 7 )is also a solution of equation
(1.2} since £ty is the linear combination of selulion of a lincar differential

equation then it 1s also a solution:

5;[:{(!]+ Pxfr- r)]= Z'(1y=-¢(1)x(t -o).

Zf1) 15 continuously differentiable,



(1) since equation {1.1) is autonomuus und Z (is a solution ol equation
(1.2) and then Z2@-1) is also solution of equation (1.2} since
W'(ty=~q(tYZ (i —aYyand Z 1 is continuously differentiable ¥ 11 is twice
ditferentiable solution,

Lemma (1.2):

let xfy be an eventually positive solution of equation (1.2} and
Ziy=xiye Px{r—1).

then Z (i) is continuously difterentiable solution of equation (1.2).

Proof:

Follows trom lemma (1.1}, For reference see [9].

Lemma (1.3):
Assume that x (7 be an evenwally positive solutjon of equation (1.2} and
Z(1y=x(1)+ Px(r =) then Zgy strictly decreasing function of t and either

lim Z(ry=10 o i Z (1) = =

f—r f—rra

in pariicular, eventually either Z(1)> 0 or Z(1)< 0,

Proof:

.. e .

Since T[.r{;)+ Px(t=0))=Z("=—g()x(1—5) <0
cif

Since ¢(/)>0 and x(7} is eventually positive
Hence Z ) is strictly decreasing function

Socither limZ(r)=-w.orlimZ{(N=LeR

f=k1A] J—ea
[ the latter case, we show 4 = (1.

Suppose L = 0, then since

!
ET[Z{rJJr- P2 D) ==4(7 (1 = o) Tt Tollows
i



lim |:i[/ () + PZ {1~ r):|= ~g(t) L=

t=or | gft

hence i [ZU]+PZU—I‘)] is either «o or —ao,
{—arn

But this s o contradiction because:

lim [Z{6)+ P Z0=0)]= lim Z()+ P lim Z(t— )= L+ PLLeR
f—2»a

f—wcry I—n

This implics lim Zity=0
f—=00

Thus either lim Z{(1)=—w or lim Z(1)=0

f oD f=h0o

Either, because lim Z (1) =0 and Z¢) is decreasing
f—n

This implics Z () > teventually or becomes him Z{ty==wand Z ¢1) is

f=1r111

decreasing this implies Z () < 0 eventually,

Lemma (1.3):
Assume that x 1) is eventually positive solution of equation {1.2} and set
2 =x{+Px{i-1)

IF lim Z(ty=0 then #>-1.

[=ro0

I'roaf:
Suppose that £ < -}
Since Z{)=x{(D+Px{t-1}>0 eventually

Then x{r)> Px{r—ryz v{r - o



This implies xi{¢t)is bounded below by a positive constant m, that is
x(r)= mthis implics

Z'(nye—mg(t), ~ZUD=—g(1){t-0o)

this timplies hm Z{r}=—en
I—sos

This is a contradiction
AN
Definition (1.6);

A function f(x} v said to have u period I or to be pericdic with period

Pif f{x+ P)= f{x) for every x in the domain of J.



CHAPTER (1))

In this chapter. we¢ introduce a new technique to analyvze the
generalized characteristic equations to obtain some infinite integral conditions
lor oscillation of the delay dittferential equations
Consider the first order delay differential equation

Mg x{t-0)=0 (2.1)

where ¢(1) 2 (¢ is a continueus function and o is a positive constant, or the

more generl

"
N Y g x(r=0;)=0 (2.2)

i=|
where ¢, (1) 20 are continuous and «;are positive constants.
By a solution of equation (2.1) or (2.2
We mean a lunction x g C[(.f" - @) R]

For some 15, where p=o or Lo = max |z, }J
1<%
Sutisties equation (2.1} or (2.2) for all ¢ lo-

[n this section we introduce u new technique to analyze the gencralized

characteristic equations,



Lemma (2.1):
Assume that:
l""'ff
lim sup |g;(s) ds> 0.

-5
! f

For some {, and x {2 is an eventually positive solution ol the equation:

"
i+ Zq,—(r}.r(r—r,-)=[l (2.3)
i=|
. L WX U-T
then for same 7, limini (—#] < o
J—n 1{!]

Proof: see reference [2]

Suppose that there exist a constant 4 > { and 4 sequence {r, | such that

g+,
{p — » as k — » and _[q, (sYds 2. k=12,

te

then there exists £, €(4, .4, +7;)forevervk

such that

“ d N0 d
Ja; (%) dds 2 5 and | g (3} els 2= {2.4)

on the other hand, equation (2.1) implics
Mg A0S0 (2.5) eventually
for same |

By integrating (2.5) over the intervals [1,. ¢, ] and {2, 1, + r, Jwe find

i0



2

J:(f_fk]—x(rk)-[r-Iq,-(.a'}x{.s'—r,-]dsﬂﬂ {2.6)
i
and
x{r, +1,)-x{2 )+ * [c},. (s)x(s —7,)elv 20 (2.7)

By omitting the first terms (2.6) and (2.7) and by using the decreasing nature

of x {1} and (2.4) we find:

‘jq‘ (Vxi(s—1,)els = s - r) {qu (5) cls } - T[Ej—qf (5} s Jx(a —7,)dv

J-q syx{s—r)ds = [‘c( —r)-xr, -1,) ] jq {5} dy —T[Tqi (s} ca’a}x'(.v—rl.]dx
& o

J-‘!. (VIx{x—r)edy =3¢, —1,) J-:jl (s —xfe, -1} J-q, {5)

o
- jl J"L () s ] x5 =1, )ex

since x{r, —7,)<0

[q {(s)x{s—-1,)ds 208 —r) (.[L&')c.".*:
/i

f1

. - o
sinee [q,{_.v}:h 2=

Iy

11



-

=d

g J{j']- (Dx(s-r)ds =M, - r,)% (2.8)

%

trom {2.6) and (2.8) we have

)=l )+ x(¢-n) S50
o
-xl)+x{g -7 )%i 0 (2.9)
-3l )5 +x(6 ) (‘{.) <0 (2.10)
also

J‘qg (s)x{s—r)ds=x(s5-1,)

-~

- -
- ki =k

-

-

ote,

j‘f; (W (s =1, )y =
oy
M +F, {41, Rt Y S
) g (s =x{g, —1,) Jag,(s)eds - J‘[ [4,(5) de]x'(s—r.-)dx
L g -k e

o+ et ] rr
RAGEE _[{ [g:(5) a.ﬁ}x'(ﬁ--r,.]dx



since ¥'(y=-r1,)<0

N 1-'2'] I +ﬂr‘
|4, (s)x (s =1 )ds > xi1,) leg; (5)eds
-t =t

fe
A

since [, (5)dds 2%

e

vl if
e (9)x(s =7 )ds 2 50, )E

wi

ey +7,)- (g ) xl ) <0

-

~x(¢ ) x(r,) =<0

b | S

trom (2,103 and (2,11} we have

this complete the proof.

(2.11)



‘Theorem {2.1): for reference see [ 2]

i+
Assume that J-q{s)d,'r >0 for t 21y for some 1 >0
{

and
J‘q(f]ln e J'q{s)da' dr=o (2.12)
Iy i

then every solution of equation {2.1) oscialltes.

Proof:

Assumc the contrary,
then we may have an eventually positive solution x (7) of equation {2.1).

obviously v ¢ 1s eventually monotonically deereasing

—x'{r})

suppose that J(¢) = 0
vt

clearly for large «. the function /(1) is non negative and continuous, and
-x'{fy . ) . ) . )
Alr)= —(*}— simce v (1) 1s positive and decreasing so there exists ¢ 2 1y with
X{r

x(Hy>0

Now we integrate the last equation from ¢, 10 ¢ we have



! 't
J.zl[.v} el = —j’t {‘&)ds
I 4

x(s)

[A(s) ds = [Inx(ry=nx(z))]

f

!
[A(s} s = Inx (1) = Inx(1)
f

!

[A(s)ds=1In

Ly

& [f|}

x{r}

exXp ]/1{.5')(1'.5‘ = expl:ln l\%ﬂ 1 x(f)[exp I_[z".(.-.—] s :l =x(t,)

|

(I



x(ry=x(1, }e_\'p[— if/l(:.‘}ds) (2.13)

Furthermore A(s} satisties the generalized characteristic equation

oOr

or

we get

MNow

— A+ ¢{0)

X +g(s)x(t-ag)=0
-Ax{n+gixir-my =0

_20x(), g)x(t=0)
x(t) Ry

0

i —a) _

x(t)

Take 1) =1 - of (2.13) we have

x(t)=x(r - cr}exp(— fj',i'.[.'.:)a‘sr]

6

0 (2.14)



From {2.14) and (2.13} we get

—Al) +q[z‘)e:~:p[ jﬁ [s}d.';] =0

f=a

I
A= q(z)ex;{ J2 (s}dx]
=t
by using the inequality
etz x+ﬂfﬂ forr>0  secereference 2]
-

and thus

T . tn (ed
ﬁ,(r]=q{r}exp(,f(;],%w JA(S}dS]Eq{f][F“—} th(ﬂdv+——n§:“g!))j|

f+r
where A{4)= Ic;{:.'}r:’.u, it fallows that
{

f
A Anzq(n) [Als)ds+g(n)]infe A(0)]

f—a

Ay A =q(r) (i (s)ds 2 g(0)[Infe A())]

F—«r

17



I+iT fLer
A{t) Jq(ahh-q(r) |/($}£2’S3“q[f}|n|:£’ _[q[r)d:]

I =iF I

then for A > Ttheretore

IA{I} Jc,r $)efs o - Ir,r(.f) I/L( eds df 2

I3 f—rF

N f+T
_[q {r ]1{3 _[q (_.s‘}cf&':[c-"r (2.16)

r {

By interchanging the order of integration, we tind

N oo
jq'(.f) I/{ Ydsdi= [ [q(ryA(s) dt ds
- Perr x
T_ 5o
2 | lq(r)Als)dr eds
AN—a oy
NG s-o
2 | _[q{f]i(s]dr ifs
r A
Theretore
N=T y T
|q(: Ji[ﬁ)ffm;:- j jq DALS) di dy
-



& i N=af s+o
Jq) [A(s)dsde> _[( [g(na(s) dr]c.-{-.-
r v 5

=T

A= FE ]
= |z‘{s) jq{r]dr ey
T

by

N I+7

= I),{_ t) _[f].r ($)ely ot
!

"

From (2.16} and (2.17}. 1t tollows that

hy i+a Neag  t+a
_[i () '[{_.' (s)cls dr - _l-}. (£) _[q () drds2
! f A f

;"u: f+0
Jq{f)ln[e _[c;(.ﬁ]ds]df

! i

thus
¥ 14T s t4a
'). (r) Iq (5 )eds edt b Jﬂ. {r) Iq{.h') s et 2
N 1 T t
hy fee
j‘! {r) ln(c _[f,r(.h')c.*’x]cff
r ‘
ar



N f+r Y f+
JA(y [q(s)ds dr 2 jq(;)m[e J'q{s)..f.{s-]df (2.18)
r i

N-o f
then
N N [+
JA(r)de 2 J.ql[r:}ln e _[q(.v]ldx]df
N r !
or
VL & {+ex
llluz Jq[r)ln e f{;[.ﬁ)ds o
xiV) ; )
AN -G n i+
fim w2 [q(;)ln[e Jq(s]ds}dr
N —x by ; :
from (2.12)
i S =9)_ (2.19)
f=rrn .T(f]

On the other hand (2.12} implics that there exists sequence {rn} with ¢, = o0

d4s 7 — o such that

In+er |
[¢(s)ds >— torall n
' 23

n

Hence by lemma (2.1} we ohtain

lim int -0
F=»i0 .\'(I)

= o

This contradicts {2.19)

Completes the proof theorem.

20



Thevrem {2.2):

—— |
Let ¢, =max{o|.ca. ..o, |
Suppose that

i (HT
Y jui(s)ds>0

i=l

for + 2ty for some 1y > 0 and that

[+,
lim sup _[r,:”(.s'}dx > 0
§ o=k ;
it, in addition
o |r-||-‘|"'|'|!"."-j:
| a0 |InjeX foids)ds |dr=eo (2.20)
fo i=l i=l

Then every solution of equation (2.2) oscillates
Proof: see reference [2]
Assume the contrary then cquation (2.2) may have an cventually positive and

decreasing solution x 1),

Lot A{ry=—x'(}/ x(r) therelore



A(#) 1s non negative and continuous and there exists 1, 27, with ¢ () >0
g I =40

r
such that x(t)= .1'[!1_}6.\'[1[— Ixi(.\')c!.\'] (2.21)

A{1) sutisties the generalized characteristic equation

S Y qi)x(t—o;)=0

i=]
or
J_‘f_‘
—2(Nx(1)+ lrh-[r):c{f—ﬂ',-}ZU
i=]
. ul _ f— T, .
—i{f)+Zqi[r"jI( U’)zf} (2.22)
Tl X f]l
Now
Put ¢, =1 -, . lsi<n in equation {2.21)
We pet

1
x(f)=x{r—-oc;)exp| - j-/i{.v] iy

f—F;

) el - i) ds (2.23)
I{I—Jj} I—:‘J‘.-



trom (2.22} and (2.23) we have

. E
inl

—i(r)-l—iql-(r) cxp[ [A(5) ds]: 0

-a‘

therefore

i !
Mey=Yqi(thexp  [A(s) ety
i=| -"—ﬂ'j

Assume that

T

Bly=Y Jq, {s)ely

i=h !
By using the incguality

. nf{er) |
e’z ae (er) for r>=0
r

we have

I I
A()= Eq!-{r}cxp[ﬁ{r).; j);[a‘}u's] =

iol H{r};_g'_
oo Pt In{eBte))
160 | e {
,%'{h {r) H[I)f__!::{‘){ ¥+ B

AOBO2Y g:0) [2(s)ds + 3 q:() n(eB(r))

f=| j_ﬂ'! i=|



LH4T,

[~4=

z‘:(r)[

Ly

i=l
then

i=l 4

iy T
H }[ Z _“{f il Yeds

i=
then forN> T

L\ -

+ Eq;{r} ln[

|

ifﬁ[-’) IH[EZ jq;[s]ds]

.[q- (3}:}’3]2 i‘?f{f} ]‘i[s}ds

fm] I-g,

n oy
ey g;(s)as
.

" i

=Ygy JAlsyds 2

i=l -

i I+(Ii-

r=] [

e Mo i
J‘LE f—:’f.—{.‘m‘)f-’x)i(f]dr— J> 4, (1) fats)dsar>
7wl I FRL Y t-g,
N n s
I{Z‘h‘ {”J In [EZ jﬁ’:‘(-ﬂf}ds] d (2.24)
pAr=l i=l g

I3y interchanging the order of integration we find

N '’
[ q.t0) JAs)dsedi=

T =l

NoFro,

i j _[i}’r- (YAl ds

fal fam oy



n Ay 3+d, -.-_F; 1+,
> |q,{:)/{5)dm~.zz I gy ds
=l femr, 5 i=l r I
N-ag, s+,
JZ@' {!] |x‘{ Velset 2 Z‘ I Irj‘-{r}/{{.?]fﬁdx=
7ol jul ! P
ao M= Bher,
J‘i(s} _ff;i{!]f."rcH:
i=l [ 5
P Iea,
> JAD [g;(s)dsdr
i=l 7 :
V=g, i+,
[Z_q (1) /( Vel d;:»'? _[/{r} [q (s) ds dr (2.25)
7=l i—T, I=|

From (2.24) and (2.25) we et

" 'k. {447,

> {20 Jytsydsdrz

=l "i—a_' !
N o n 170
]{Eq; [!)}I‘l ey |g; (s)dds | dr (2.26)
FRNE F=l g

14T,
since [y, (syds<l.i=1 2.
!

then



" ¥ "-.‘( " n 1+
> Jx {1Ydr 2 JL i (I))ln ey J-q;- ($Yefs |t
- =1

i=1 A r =l

or

LR N o, 1%
2 ]”'—..\,.—LE} Y g |In| ) Jq,-{:.'}lc.-’x dt
i=l

SR CL RS i=l ¢
in view of (2.20)

H -
1 x(t-o;
lim xU=00)

=@ X (.f)

this tmplies

This contradicts (2.27)

Completes the prool of theorem.,

Exampie (2.1):
Consider the delay ditferential equation

Vitexpihksing -y —l=0 {2.28)

20



where g(z)=exp(&siny -1} and

k is a positive constant. Clearly

= 1+1 £ i=l
jq{:}lr{e Ja [.u-}f.x}.’: z Jqt) [ksin dy dr

i} r 1} r

in 14 =
= E‘f_? jﬂ-‘.\'p{'k SI) sin (*’ + %)u‘r

¢ L
on the other hand, it is casy to see that

{

_[exp{k:-:fn ficosi o 1s bounded and
i

ir
_[uxp{ksinr) sint dt >0
t

0 e+
1t follows that Iq(f]h] [i’.‘ _[rf{x]ds]cff =

[ !

Then by thearem (2.1) every solution of equation {2.28)} osetllates.



CHAPTER (III)

In this chapter we will study some new integral conditions for the
oscillation of all solution of linear first order neutral delay differential
cquations.

Consider the first order linear neutral delay ditferental equation

RO P R 3

where
{iy pe R, re(0.m), C‘FE[U,CO).
(i) q:[ry.0)— R is a continuous function with ¢(1)> 0.

Lemm: (3.1):

Assume that Pel(lw) and o>

{=O=r
limsup _[q{,\'} iy > (e

r
iTx {7} 15 an eventually positive solution of equation {3.1) then

..o Ali—a+r
lim ind ——(’——‘]{U}
f—s1s) At

where Z{)=x(H}+Px(/—7)



Proof: see reference |2] and [10]

I'rom our hypothesis we say that
Z{t)> Deventually
and from equation (3.1) we have that
Z11)1s deereasing
since
2+ g(nyxt~o)=0
Z{N=—g(Nx{t-c)1<0
Since
L) =x(N+Px{r—1)

Px(i=1)=Z{)-x{0) (3.2)

ke 7 =1+ 5 we obtain

Pxlt+r=t)=Z(+1)-xlr+7)

P:-.'(f) = Z[I + r)- x(f + r)

Z{+r)=x{t+ )+ Pxir)

Since zir) is decreasing, we have

Z(O> 2+ )2 Px() (3.3)



Since Px(t~ny=Z({)—x()

P x(i=-0)=PZ{t}- Px{1)

From (3.2% and {3.3) we have
Pixti—nzPZ(0-Z()

RN 10

> Z{n[r-1] (3.4

X{r—r .
P

take f =+ 71— Into (3.4} we have

= Ar+rr-e)

X (r - J)E
. 2

from equation (3.1) and (3.3} we have

Zr(r)-i-q {r).r(: - :'T) =)

Z'{t g () —=Zlt+r=a) <0
pl

by lemma {2.1)

then lim int L!_-U—H-)
f—ry /,.'{."}

ol 4 O

We obtain the desired result.

1,3
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Lemma {3.2);

Assume that Pe(l,w)and o> 1.

If equation (3.1) has eventually posttive

Solution then:

I+ =T !}:
[ g(s)ds —. for sufficiently Jarge &
! =

Proof:

Proceeding as in the proof of lemma (3.1).
We again obtain (3. 0) integrating (3. 6) from 1 to 1+ ¢ - rand using the
decreasing behaviour of Z (£)we have

from ¢ to 1+ = rand using the decreasing behaviour of Z (1ywe have

tro—1 HE-r |
_IZ'(.&'}cfS+ J [ - ]q{s)?.{s-[hr—cr) idy £ 0
: !

P_-Ill"'a"-f
L+o-1)-Z (1)+— [q{.\'} Z{s+r—o)dy <0
P .

!

since Z(4) is decreasing then we have

P_liﬂ'.r-:'
Zit+ro-1)=Z{N+— (g2 (5)ds.2 D
P

f

u=7zs) div=7"(5)ds



I+ -7

v =g(s)ds v= o |g{s) ds
i
f—a=r I+o=-—r
Jq () A(s) s =2 () _[c,f[.v] iy -
¢ ;

f+T=rfl+g=r
_f [g(s) ds | 2 (s)dds

! i

(+@-1 ta=T
fZ[.v}q (s)yds>Z (D) _[q (s) ds
/ !

P—l [+{F=-T
AT D)=y —| Z() [g(s) ds|S 0
p-

f

) .Irl -7

.'.’/.'l[f+cr—r}+{—:- Ja(s) .:ﬁ--l]zmg 0
e

Since Z(r)> 0

I 4T=f

—.._,_- J{f{.‘f}dj =1
P- T

= 10
/ ,
Iq {¥)els £ . tor large 7.
; =i

L
bt



Lemma (3.3):

Assume that d is 4 positive constant

Let Pe (J.f“, m} R ) and suppose that

I

f—+ 1 -

=l
then

(1) the mequality:

X(N-POx{r+d)r=0.

has no evenwally negative solutions;

(i1) the inequalily

M=Pixter d)z0,

has no eventually positive solution:

(111) the ineyuality
N+ P(Dx(t =)0,

has no evenweadly posttive solutions:
(iv) the inequality
X+ PNy =-d=0,

has no evenueally negative solutions

Proof: see relerence [3] and [7]

APy
LY}

S : I
liny ind [q[_sjdx}—

4
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Theorem {3.1):

Assume that o > 1 and P e(, @), such thar

f~o=T
lim sup g ia)ds>0 halds
f=p142 ;
I)F-H.'T T
it Iq In Jq(j)u‘\ el = oo (3.7}

Then every selution of equation (3.1) oscillates

Prool:
For the sake of contadiction we assume that there is an eventually positive

solution x (#)of equation (3.1)

then Z(¢) is eventually positive and decreasing and satisfies the inequality

(3.6).

AT g T

let Af{e)=-2Z"(N/Z(1) then A(r) is continvous and non negative, since

Z ()18 positive and decreasing so there exists #) 2 ¢ with



Z(#))> {} such that

[Al)dds == ()

ALY,

f f

!
[A(s)ds =—InZ (s )| ~(InZ(n-1n21)))

I 7

then
- _[){ajn’s—ln A4
f] AUR
or
exp| = I_[Al[v}ds = al,
" /[I”
thus
!
Z)=7)exp| - 1‘/ ) els {3.8)
f
Now,
~ tr—-a) <0

—-ANZ(n P-i Z(t+r—a)
Z{t) +;>3 7() Aty =Y

<0 (3.9)



Put 7y =1+ 7 —¢ inequation (3.8) we get

i
A=Zt+1-0) cxp[— J-/"L {.v}lcf.-:]

f—T—T

Z(1) ‘. -
— —exp| - Alsyels 0
Lit+r-0) Ehp[ ,”J_G(H}“] 10

from (3.9) and (3.10) we have

—~A{)+ : ¢ {r) L‘.\']ﬁ[— J-/“:(.\':}{f.h}‘_:ﬂ
P

(+r-a

Moreover, A(¢)satishes

P-1 ’
Ay ——=qg()exp  [A(x)ds (3.11)
p-

f+7—e
using the inequality

rr

¢ = x+in Em% for x>0 and » > 0to (3,11 we have



where # =1 (1)

1 '
v=——0 [Al8)efy
"”I)Hrj‘-a
we take
_frr-a
Alr)=— Iq(s]dx

IJ‘

I

)
Aliyz P:lq{f} !1)[ Ji{.*;)ﬂ".\'+||1(c,»i‘(r])j|
“ AF

[+ =T

T P Lo [
PE

f+r=F

I +(T=T 'y
A a2 2 g0
P p?

f+@=r
A1) J‘q(s}d.saq{;)[
f

Peg—r

! I+ =T

Then tor v >T 4+ -1 we have

T !

!

f+r=0

f+ =T

I

!

1

Fj,a (s)els+ Infe (;))]

J.): (s)ds+ In({.’ A [I))J

[-+7—r

Alth [{fl[.\'}-:f.t‘ —g () jﬁ. ($1ds 2 q{!_}hl{{:‘[f

I+a=r

_: I Iq (5)ely

J'/:(;y( J':;{s).:a]m—jqu}[ J‘z{.s-)..fn-]d:z

[/ (s)efs + Infe A [I))]

)



I frao—r
jq{f}ln{—(P:—” +q(a}d¢-] (3.13)

r I

inter changing the order of integration we obtain

" ! N+ {—F f+eT=7
gty [A)dsdrz jﬁ.{f){ q{s)m]m (3.14)

I f+a=r !

from {3.13Y and (3.14) we have

;j[;. m( gj&{mem- j‘_ﬁ.(f][ I;[.-:]d::] dr
;

r ! r

N & _ .‘-H:I'—r
|q ()N 1[—(—Ul Jf;(_s}d.v]rh

f

it f+a-r r fto=r1
Ji{r [c,:{x}ds eft + J/’ (t} fﬁ;{s}a’s i

¥ h+r—o i

_{‘}(I)In(ﬂih—l) j‘;;h{sjc.-’x}ﬂ

I

u F+g=7 e(P— )f+ﬂ‘-r
[A() lq fh}dr} [q{r}ln[ _‘-ff(.h'](fb']df (3.13)
! 2

Ry ! I i
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From (3.135) and lenuma (3.2) we have

”. »_ " S 1 I+iT=—T
JA{H tf!ELTI [c}{f}i:l(d\‘; _} 2 Iq[s]ds]di
P g -

H~T—T T p

Z{h - P=1% TEAE I

tn { J}-‘_’ 3 f@’[t’)ln o - ) J‘q{xjds ot
Z{H]I P" .:_ P- ;

But m view of (3. 7) we must have

.4 § IS e
Iun—(—ﬂzw.

e Z{0)

Which contradicts since by lemma (3.1)

AT 2
lim inf ————— < w
f—a Z(f]

Completes the prool ol the theorem.

Example (1.1):

Consider the neutral delay ditferential equations

ShOeat-n e ll-=0. 02 g6

Here =12, q{r}=(‘y€)[l+%) c=2 r=1

B AP _y o7 ) c“l'
J-q’f.f}!n L{P,} D j-q[.s')d.ﬁ' et = [i[]+-]-)|n — Ji[]+l}rh‘ ddt
" e ; e H 4 ;€ s
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i

45 L
= - ILH—: In(s+Ins) LI+— ln(l+|n(.f+l]—lnf}d.'
¢

!

!

oy
=-i J'LH- l)ln[]+!n[l+lj] it
& 3 f !
4 1 1 ]
=— []n[l+[n(l+ —J] ot + f—ln[l+ln[l+—]}d§2

€5 { st !

i jln(l+ En(l +l]] ¢t

e i

-

ol i+l ]
jqﬂf]ln[PP_El _[q(.f}ds] Ei) jln[l+ln(] +l)] di = w

5 ; &4 H

By theorem (3.1) every solution of equation (3.16) oscillates,

Theorem (3.2):
Assume that o > 1 and P e (L. %) and there exist a constant k > Osuch

thicr

!
15 J-(_‘,r(.w]{f.s'{ff (3.17)
¢

f—ao+r

Then every solution of equation (3.1) is oscillation.
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Proof: sce reference [10]
Assume that Z(¢r)1s eventually positive and decreasing and satisfics

>

Z'(N+

g{t)Z(t+r—a) £ Dand also

22

Az %q{r}expl' Jz‘ (s}n’h}

f+ =

_ ‘
BisIA(4) E%Jz—l H{r}q[fjux;{ig; _[ﬁ {x}fﬂ&']

{+T=4T
using the inequality

xfr .
¢ EI+'—,] for x>0 and » > 1

”

we oblain

. p-1 .
B A —q()——  [4(s) ds = g(n) A1)
T ter-g
where
P
ri{”"—Tlh’lff}
pe
Smee

x = B{} Ii{s)dﬁ and r= ﬁ

f4 T =47

+1



we let

exp[a Iq {.h‘}ds] = 1)

[+l =t

f
3{:}4{:)::P—j'zf(z}cf(r)[1+ H{’l {).{s)c."s:]
P’ B(1)?

I-r-g

¢
B{it)yAlry =z PP:I Bigl) +P—_,;-1-q{r} [;: (5)eds
3= pe -

{+7T—(T

Pl i P-1
—qt)  [A(s)ds2 ——q(1) B()
P p*

f+r=—o

B{ryi(n)—-

-1

Pl

;
g{t} |/ (8)efs 2 A g(r)

t—r—-

Bit)A(r)—

Thenforus>T+o—-1

i i r_ f H
[A) B(r) - jq(.-)%[ j/:(j-}ff.q] drz [glnyA(tydr  (3.18)

! T I+ T=(T !

Interchanging the order of integration and simplifving. we have

T i~ r'--::r T :

jq{r}[ [/“.(.s}ds}dré .J-/'.(f}{ [c;{x)ds]dr (3.19)

{+I=



from (3.18) and (3.19) 1t follows that:

U P M i "
j/:u)n[:m—’ _ j)_(r][ [q{s)ds}ﬁ:: [g(8) A(t) dt
r P T f+Ir=eF T

and so
i f n
JA@BlM = [ BEYd 2 Jq(0) AW de {3.20)
T fH+T =T f

since

! t
B{ny= exp[e jq(.&‘)d&] > _liq(s]ds

f+7T—rT 11 T=4T
on the other hand, since

= B(<k
for sum ky > CGand (3.30) we get

“j/”.{r}k, dr Elj};{r),{(;)d;

tr4 F=aT !

[ -I "

[AGrydrz — [q () A(1) di
b+ =T k'l T



Since {3.17) implies that the integral on the right hand side of the above
inequality diverges as u — o, the remainder of the proof is similar to that of
theorem (3.1) and so we omit the details. This completes the proot of the

theorem.

Example (3.2):

Consider the neutral delay differential equation:

of

p xle)+5x(r = 1))+ &.r { -3}(1 +xt{r - 3)): 0, 123 (3.21)

Here we have

;
r=1. o=3, g(i)= 3 and we have

!
ii lg(s)ds<k
t .

f—or o

.l

{
1 ]
< J’Ea’.m‘::{kzl, also g )48 dt =

=

o
-2 to

o f o V4
. 4
jc; (4) exp-(r: | {s)els |= Jze”df =0

fy k [—F~7 g

Then the hypothesis of theorem {3.2) are satistied so everv solution of (3.21)

is oscillatory.

14



Theorem {3.3):
Assume that the first order of newtral delay differential equation (3. 1)
If P < -1 then every non oscillatory solution of equation (3.1) tends tg +m0r

— 9005 F— o,

Proul: Theorem (3.3} see reterence | 7]
Since the negative of a solution of equation (3.1) is again a solution of eq
(3.1). it suffices to prove the theorem in the cuse of an eventually positive

solution so suppose that x(s)is an eventually positive solution of equation

(3.1).

Set Z{)=x()+Px(r—1r) (3.22)

then Y= =gy X =0 (3.23)

and eventually Z'(1)< 0.

We wish to show that Z(r)is eventually negative,
Suppose for the suke of contradiction that eventually Zit) 2 Gthen (3.22) it

follows that eventually

ZNz0=>x(O+ Px{i-n120

S=Px{ -y <x()

which implies. by ieration, we have



H
D{x(!)i(—ﬂ;) xfr+ng), n=12,..

eventually so as — P >1 we see that x(r) — +was 1 — @ which contradicts

the assumption that eventually Z{s) 2 0.
Thus. we see that eventually Z(r) <0, since 2'() < 0 eventually, we have

0> lim Z{f)= Lz -w
[—rch

we wish 1o show L =-o0, und so shall assume for the sake of contradiction,

that [ > —oothen by integrating (3.23) from 4 10 ¢ we find

)
Z{t)=Z(rg)+ Jg(s)x(s—a)ds =0

f

and so

_l-‘f{-‘;)-"[-‘i —-g)ds = Z{-'[;.]- i

fy

so. since ¢(7) > Oeventually, we say that x & L, (15,9), thus from (3.22).
we conclude that Z € £; (.o )this implies that L =0 which is impossible.

Hence we have that

Sy



hm Z{t)=—« and as eventuaily

f—od

Z(ty> ' x(r— 1) we conclude that

lim x{¢) =+
f—ri

The proof'is complete.
Thevorem (3.4):

Consider the newtral defeny differenial equition (3.1).

dAssume that P <=1, >0 and that

| f+{f?5) I
7 lim mmf Jq (s)dds > : {3.24)

F—pm r
then every solution of equation (3.1) oscillates.

Proof: Theorem (3.4)

Otherwise there is an eventually positive solution () of equation (3.1)
Set  Z{(nN=x(+Px(f—1)

Then by theorem (3.3) it follows that eventually Z()< 0. Z'(N< 0 and that

Z(6)y> Pxf—1).
From this last incquality, we find that cventually
A Pr(t=1)

47



Z(1}> Px(z-r)ypnl 1 =i + 7 - we gel
Zit+r=—o)> Px{(i =1)

Gy Z{t+ 1 =) > Px(t = hgle)

lpff{f}Z{:f Y r=—aix{(r=aFg(r)

_lP‘i’(I)Z(r+ F=a)>=x{{—a)y(r)=Z'(1)

and hence
| ) -
—Fc,r(r).{(f+ T=ag)>Z'(1)

—Z'[I)—%q{r]Z{.’+ r=a}>0

Z'(r}-(—]}—))q(!)zi{f +7-0)<0

But by (3.24) and lemma (3.3) it is impossibie for this inequality to have an

eventually negative solution.
The proot’is complete.

Theorem (3.5):
Asswme that the namral  delay differential cynation (3.1 ) and

P <=\ 1>0.q(1) is periodic with period t finally, suppose that

i



.F--{::—-.‘T}
lim inf g (s)els > — {3.

l+FPiow ; &

[F N ]
1.4
L
M’

Then every solution of equation (3.1) oscillates.

Proof: see reference [7]
Suppose for the suke of contradiction that there is an eventually positive

solution x(7).

Set  Z(N=x{)+Px(t-1)

and  w()=Z{(N+PZ{-r)

then since ¢(¢) is periodic with period r it is casy to sec that Z and ware also

solution to equation (3.1).

As in the proof of theorem (3.3) we eventually have Z(1) <0 and Z'(r}< 0 the
same argument when applicd to = Z(#)implics that eventually wir)>0 and

(1) 0.

Stnece

A<= =Z(ry<0)
-w{)=—Z()-PZ(1-7)
—H’(I) <= ‘ll’(f) >0 and

- <= w(i}>0
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w(t)=Z{N+ PL - <(1+ PYZ(1 - 1)

Since

w(ty=Z{t}+ PZ{1 — 1) and Z(1)< Z{1 - 1)

then we have
W< AU =)+ PEE - 1)
wir) < [I + P]Z(r -r)
cventually and so
wit+r—-0)s [l + PJZ(: - )

- —I—q(!)w(r +{r- a)s—-giNZ(r-gi=w (¢)
L+ F

[rom which we find that eventually

W {t)— (1—__]—P]q (ywlt+{r- agljzo

-+

But by (3.25) and the lemma (3.3) (his is impossible.
The proof of the theorent is complere.
Theorem (3.6):
Consider the newral delav differential equation (3.1).

Asstme that P >0 then everv non asciltatory soliwtion of eqiation (3, 1)

tends tozeroas t — o

0



Proof:

It suffices to show that every eventually positive solution x(r) of equation
(3.1)tend to vero as ¢ —» o s0

Let x(s) be an eventually positive solution ofeq. (3.1)

Set Z{@) =x{()+Px{r-1)

Then Z'(e) = -¢(nx(t-1)

and so Z'(r) is eventually neeative. sin 2> 0

Z(1} is eventually positive.

Thus Im Z{r)= L exists, is fintte, and L2 0

{=Fa

By inmegrating (3.23) from ¢, 0/ we obtain

!
Z()=Zitg)+ [qis)x{s=o)ds =0

Ty

Zlg)-£+ vfr,r (s)x(s—)dsy =0
fiy

and therefore



f
Iq{.-;_] X(s—T)edv = Lty - L

Iy

So, as ¢(20 cventuallv we say that xe 4y (5.o)und so by (3.22)

Zely(ty,=} . Hence L=0

Which implies that lim x(¢)=0.

f=pofs

The proof is complete.
Theorem (3.7):

Consider the newrral delay differenriat eqticiion (3.4,

Assume that P> 0.0 > rand g{t) is T periodic.

Finally, suppose tha

L
—— lim int Jq{s)u’.-.-:vl (3.20}
+ Piow .'-[cr—r} e

then every solution of equation (3.1) is oscillates,

Prool: see reference [3] and [7]

Otherwise there is an eventually positive solution x(r) of equation (3.1).
Set Z()=x{ty+ Px(r~1)
and  w () =X (0+PZ{r~1)

then eventually

L)}
[



ZN =0, Z’'(N<0. w)>0. 1) <0

Hence

wiN=Z{N+PLi-1i<{l+P)L{t-T)

and so

—Tﬁ;q{f}ru(r —(r-th2-¢(NZit-a)

But the fact ¢{r}is periodic with period 7.
Implics that Z, and also @, are solutions of eq. (3.1)

and so

~g{YZ(t-gy=w'(1)

that is to say

{1} + #q{r}m( -{o-r))<0

m view ot (3.26) and lemma {3.3) this is impossible.

The proof of the theorem is complete.
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CHAPTER FOUR (1V)

In this chapter, we give somc new sharp sufficient
conditions for the oscillation of all solutions of the following
equation.

Consider the first order neutral delay differential cguations

with positive and negative cocfficients of the from

;—i{x(r} = RO X =)+ 0 =1) =D x {1 =3 )=0 {4.1)

where
POReC(lt,. )R}, re(0,®) and 7,8,eR", (4.2)
> 8, P =PO-QU-1+8) 20 (4.3)

When Q(1) = 0, equation (4.1) reduces to

%(x(:} —Rx(t-r)) + P x{t—1)=0 (4.4}

Let 7, = max{-,r.5}. By a solution of equation .(4.1) we mean
a function x eC(fr,-7,, w), R} for some t,2t,8uch that x(t) —R(t) x(t-r} is
continuously differentiable onfr, ) and such that equation (4.1} is

satisficd for rz¢,.
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Theorem {4.1)
Assume that (4.2) and (4.3) hold and that

R(ry + ]Q(.s]ds sl 212 (4-5)

1=r4d

let x{¢) be an eventually positive solutien of equation (4.1) and sct

y{t) = x() —R(yx{t—r) - IQ{S) x(s—8)ds (4.6)
then

V(0 and ¥y >0 (4?)
Proof Theorem (4.1)

Since x (1} is eventually positive solution then From (4.6} we

have

1) =%{_r(rj—ﬁ’{£} xf=z)) _5? IQ{x}.r{s—-:‘F]lfﬂq

i—red

i

¥ =Sl @-RO x0-1) )= 210051 x(c-8) I

reref
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¥ (ﬂ=%lr{r)-ﬂir} x(t—7) 1= [Q()5(1-6) ~QU —T+F)x(t=7)]

Fa); =%[x{:)—ff{r} Aft=r) |- —8)+Q{t -7+ Ny x(t=1)
4

) :%[.\{r}—ﬁ:{r} A=) ]+ Pl)xie=r) =0 x{t=5)=-nxii-1)
i
+ Q2 (—r+Nxfi—-r)]

¥y == Px(t~1) + G (r—-r+d)x{i—r)
YO==[PO+Qu-1+H]cl-1)
from (4.3) we get
Y =) x(t=r)
SInce
Py zCand x(i-1) =0
therefore "¢ <o

Theorem (4.2)
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Assume that 650 , ReClr, .=}, 8 ). deC(l, -5
That A(nz Ry exp ( Jilnds), t2t,
-

Then conduction

fim inf [R{S}ds}n

I g

implies that

lim inf IJ..{S}IIS( e

-5

Proof Theorem (4.2)

That 2y 2 R exp ¢ ]A(s}ds}, tz1,

tud

Now define

A} = liminf [R(s)ds>0

t— :'J

By using incquality

P ELL s R
r

we fined that
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At Z RO exp l{ A{r}% jj.{.'r}d's ;.],
o -

1. In {eA{?))
zR(expl{— |A{s)ds) + X
( "[‘A(I)I_J (s) 0 }
or
[Iiminf JR{.\'}:{EJ Aff)y = R{1) fi[.v}.n’s
e -
2 R() (Ine liminf jse(..-:.m)
r—d
or
—R(H) IA{s]ds::R{:} (Ine liminf [R(.-.—}ds} - ( liminf J'R[s}dsmu
r—+& i—+4 —f
' e Ay ..
{A(s)ds < (Ine liminf  [R(s)ds)) + = (limint  [R(s}do))
I e it RU} = road
there for
lim inf j;..:.e}ds <o
=
Theorem (4,3)

(i) Assume that (4.2) and (4.3)and (4.5) held and that

limint IF(J}JS}G

{(i1) There scxists a positive continuous function H (t) such that

limint [H (s)es>0

(1it) Exther
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:
Ha

P expl( A j’n (s)ely) +

. Rt —1YANDH{t-F) .
f - H A 5
h-lnn,rzr { P(I—r}ff [l'] "'X‘P{ ':['”{ }d‘}"‘

Py J Qis—1H(s-8)

e =) exp[ﬂ.j_’[:f (e} cudds b > )

r=r-4

for P(ry >0 12T

or

Hir—r}R{t-1)
H

exp(d [H () F(s)dds)+ exp(4 [H (s)P(s)ds) +

inf {—
FEY Y ff{;)j_

1 ! ; ) _
m _[ Q(S—r}H{s-Jiexp[i‘_jf(n]P(u}du)c.{q} 1

1-r=4&

for Piyz0 12T

Then every solution of equation (4.1} 15 oscillatory

Proof thearem (4.3)

Without loss of generality assume that the equation (4.1) has

and eventually positive solution x (t) .
Let y{t) be defincd by (4.6) then by theorem (4.1) we have

¥ (1) 20 and ()=0 for 121 20,
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from (4.1) we have

BT € T € T

{y
gine st —t)=vii-ty+ Rlt-7)xft—-r—r) + ]Q{s-r}x(s—-r-—ﬁjds
i-T+d
Therefore
Y ==P)yi-r)+ R{=ryx{i-r=r) + ]Q[s—r}x(s—r-ﬁ]c.{x e (1D

f=red
putt=t-r inequation (I}

Yt === Plr=r) xlt=1=r)

ye—r)
Pit—r)

xji—r=r}=

--------------------------------------------------------

(1)
substituting ([11) into (1[I} we get

Rir=7) Plr)

¥=- f’(!)[f{f—r} + Pe-9) yit=r)

L P g{"-::;}]y-t,-_am {4.12)

1=re 8
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Assuming condition {4.10) holds

set
¥ )
A H (6 = ———=
| v »{n
Implics That
expl ]'«Hs] H (s)ds) =L“:ﬂ
»{0)

then (4.12) becomes

y—1)_ RG-1) Pt} i =r)

Ay Hin= T Al
I = ™ Fa-n 0

E)(s—r} y'l[s—;’i'}ii’;
PGs=8) ()

- Py [

t=r 4

A0 i = Py 24=T), RUCE) POAG-rp U yu-r)

») Pii-r} 1)
s P f QUs=1)A(s =8} H(s-8) y(s-8)
bor1d Pix=8} ¥

) Hi) = Pitexp — ( JA (5) H (s)eds)

rar

R{t—1) P(D)

+A{t=r) H-r) T

exp ( [A(s) Fr{x}ds)

6]



a:.’” — &) H (s - &) exp( jz(u; H{u)du) ds (4.13)
r=rt+ J F=t
[t 1s obvious that i¢) 70 >0 ar  r2g, from (4.13) we have

Ay H{n 2 F(oyexp ( Jats) H(s)ds)

i=r

From (4.8) and theorem (4.2) we get

liminl |4 (5) J (s)ds < o

=t

which implies, by using (4.9),that liminf 1() <.
Now we show that

liminl A{f)>0

iI—+mx

in fact, if liminf 2¢)=0, then there cxists a sequence {,) such that

(o2r, t, o A5 now, and 20,20 for 1]y, ,,]. From (4.13) we

have

A Y H@) 2 P, exp (AL ]'n{sj ds)

L-T

+ AG ) H{t, -1 %cxpuu_} ]'H{.-.—] d5)



+ Pt _[ Q[s

. ,}} A[.‘}H[s &) expidir) IH(M}dﬂ)d’v

-r+:5 =7

hence

1

S S i) (i ()
T et [ (syds)

IoF

JHU, —rRG, - e,
H{I}P[r r}

exp(A(t,) ;"fu (s)dds)

. P f Qls—r)H (s~ 5)

) Fioog P [# ey s <1

&

t =1 4

which contradicts (4.10) and therefore

O<liminf A{r) = 4 <o (4.14}
Form (4.10) there exists an « ey such than
. Rli—-cYPUYH(t—r) "
- A Is
¢ 1.—-lun.:fa-3' { Ple—rYH(N { ;_-[H{S]r )
P J.rH )
tra T e [ (+)ds
LA j Qis—r H{‘ exp((4 [H{s)ds}> 1 (4.15)

HU]

i=r
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on the other hand , in view of the definition of fiminfi¢) =4 , there

oIt

exists a ¢, >4, such that

Ay > ah | 121, (4.16)

substituting {4.16) into (4.13) , we obtain

AGYH ) 2 P(explhe [Hisyy)

ir

aH{r—r] Rii—r) PO
Pir-1)

+ M

exp {ha IH (5}ds)

Qs =) H(s-6)

+ P(yah I he exp {frex IH{::}du}

[ ] F“-J} f=r
for t2¢,+T, Hence
ho2 !Lrgint‘l;—;{(%exp (ha r:[H[s}ds}

Hir=-r) R(t=1)YF (1)
A ex —
Tt —r)

exp (e jH {(5)dx)

I=T

L ) f 1o Y5 = D)l = )

Fosy P (ha J‘H{u}m;)

=r+f i-r



which implies that there cxists a scquence i, jsuch that

Ioemax {T,6,+T,}. 1, > = a5 now, and

i—m

. P '
lim {HEH exp (Ao _[H{s}ds]

f=r

H{ =r) R -1 P(T)
HE P, -1)

axp (hex ]H{x}ds}

P(1) O(s - ) H(s -5 , *'H el <
H(I]ah,,;[ﬁ; F(s—6) exp {ha ,,l:, () dudy=h

s¢t A =ha, then

| P e
alim {H(r}i exp (A j'ff{.s)ds)

I=r

, Hii,=r) RE-0TG)
H(i WP, - 1)

exp (A ]'H(s] ds)

I=r

RO TV,

A .H e !
Hin Pis=5) “p ( j (u)duf} <

=g+ a-8
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which contradicts (4.15) and completes t he proof of this thcorem
under condition (4.10)

For the condition (4.11) .let

ANHNP ) = -5
it

Then (4.12) becomes

At} H(n = yit=r) _ f{t—7) F{L}A{I —rYH{E=r) vir—-r)
»(t) Fir—r) (1)

~ "J- Q{s-—r}i[ﬁ—ﬁ]ﬁ(s-ﬁ]}"(J—J}ds
Pie=-4) wif}

t-1+8

A1) H() = exp { rjﬁ.[s] H (s) P(s) ds )

+AU—rYHU-rY R —1) exp ( rjﬂ(x) H{s) P {s)ds,)
=R

+ Pl ]Q[s—r}i(,v—a‘} H(.«-a‘}cxp[]’A(H)H{H}F(u)dum (4.17)

r=r+d |

[t is obvious that i¢) #n >0 for 124

A{t) Hit) zexp ( ]’A(y; H(s) P(s) ds,)

iy

PYAI H(N 2 F{r}txp { rJ-zl {x) H {5} Fisy )

-

66



in view OF (4.8) and thcorem (4.2) we get

Limnl jl{s} HisYP(s) ds < (418)

=

From (4.8),(4.9) and (4.18) we¢ may conclude that liminfig) <o in

LR 2]

view of (4.17) and so

O<liminf A{{) = h <«

=40

form (4.11) there exists «e@nsuch than

- 1 ’ _
a inf {,1 T ( jn (x) Ps)ds)

Fad

NAGLIGSS
H ()

exp (A J'H (s} P(s)ds

HIE” JQ(S —t} i (5-8) cxp{il:ﬂﬂ(u] Plwydu)ds)>1.

i=r e

By using a similar method as in the first part of the proof , we can

derive a contraction. The proof is complete
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