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Introduction

Motivatinn:

Most of phenomena sciences and other fields can be described
and clussilicd nonlinear diffision equation which normally result from
natural phenomena that uppears in onc daily life such as the Now of
water beneath bridges if the density was high . Also the slow biood
in veins increase as a result of the high heart pulse the some
application other physic engincering chemical and mathematjcal

phenomena .

[n this thesis . we try to find a solution to this rype of equations
although it normally very difficult to find a clear cut solutions .
However through the usc of Painleve’ analysis it is possible to find an
analytic soiution which may benefit engineers chernists doctors and
other to explain the result solution and arrive of this through

understanding which could be difficult for mathematicians to expliin .



ABSTRACT

[n this thesis, we studied Painleve property and their implementations
on some diffusion equations , and by using the truncation technique 1s

used 10 obtain some analytieal solutions,

In chapter one. we gave some important definitions and lemmas

which are used in the thesis supported by several examples,

In_chapter twa. we applied Painleve’ property for partial differential

equation which is Korteweg-de Vries equation. ).
w,+ 12w +u__ =0,

1o chapter three, we studicd moditicd Korteweg-de Vries equation.1l,

And through our study we found that the partial different equation does

not salisty the Painleve' property but we can find an analytical solution .

2
Ny =6 u, +u, . =0,

X

In chapter four, we are going to illustrate the nature of the Painleve'

property on the compiex modified Korteweg-de Vries equation 11,
instead of a single complex nonlincar (PDE). we preferred to study with
a system of real and imaginary pans in Korteweg-de Vries equation.11.

finally. we draw some conclusions and review areas of future research |

2
W, — 6|w| we+w, =10,
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Preliminaries




CltAPTER Ovp PRELIMINARIS

CHAPTER ONE

This chapter contains of an important definitions -

Definition 1.1.1 Singular point [8).
A point 7y is called # singular point of a function /) il fiz)
farls to be analytic a1 z, but is holomarphic at some point in CvVery

neighborhood of z,.

Definition 1,1.2 Fsolated singualar poing [8).
Let zpbe a singular point of /=) if there is some neighborhood of 24 at
which /z) is analytic except at 2o then we say that = is isolated a singular

point .

Definition 1.1.3 Pole of order -K [8].
A function whose Laurent expansion about the isolated singular
point zy contains a finite number of nonzero tems in the Principal part

it which the most negative power of {z-2y) is-K

dl

ke S Zaboaf ot

where r, 2 0,

then the function is said to have order a pole K of =z,
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Definition 1.1.4 Removable singularity [8]
When a singular point of a function ffz) at z, can he removed by
suitably defining fz) at zy we say f{z) has removable singular point

at zy,

Theorem 1.1.5 :[10],
Let u, = K(u, U, ), ———————— (1)

be a given partial differential equation where K is a polynomial in 4 and
in the spatial derivatives up to order r, Furthermore, we know the

expansion of & in the form ;

_ f=p
u= u;p’",
/=0
Equation (1} passes the Painleve! test .

Definition 1.1.6 Painfeve’ property |5].

A differential equation has the Painleve' property if all the movable
singularities of all its solutions are poles.

A singularity is movable if it depends on the constants ol integration of
the ordinary differential equation {(ODE),

For instance, the Riceati equation,

w(z)+w? (z}=0,



CHAPTER ONE ERELIMINARIES

has the general solution w(z) =1/(z - ¢) ,where ¢ is constant of
integration . Hence, the equation has a movable simple pole at z = ¢
because it depends on the constant of integration.

The solutions of an (ODE) can have various kinds of singularities,
including branch points and essential singularities; examples of the various
types nfsinguiari;ties are

shown in examplcs :

Example 1.1.7 simple fived pole [20].

c
o +w={) = wiz)=—
z

Example 1. 1.8 simple movable pofe [20],
r 2 1

W o+ WS =} = wiz)=
(z) s

Example 1.1.9 Movable algebraic branch poinr [20].
2ww'—1=ﬂ = wiz}=-z—-¢

Example 1.1.10 Movabie logarithmic branch point [20]),

w o+ w2 = 0 = wiz) =log{z - ¢ 1+ €y

Example 1.1.11 Non-isolated movable essentiat singularity [20].
2 L1} _ o ~
(1 +w e +(1 - Ew)—-{] = w(z)= tan[ln[clh te, 3]

As 4 general property, the solutions of lincar ( ODEs) havce only fixed

singularitics .




CHAPTER ONE PRELIMINARIES

Definition 1.1.12 Resonance condition (21].

We say that n is resonany, i :

i‘&rax —1d, =0,
f=0

Y|
for some o = (a,05,..,a,)eZ" |

a]22 and i; 1<ighn,

U 77 is not resonant , say that7 nonresonant.

Theorem 1.1.13 Caucliy-Ko walevskaya [23].
[f the number of integral constants is less than 71, then
1 — - S
the serics W‘Z”;(Z_*n) ,
Jull

dw  d'wy
d T

15 not a general solution of Iz, w

=0,

Therefore it has no Painlevé property.

Property of painleve analysis 23] :

An Ordinary differential equation ODI: { or Partia] differential equation
PDIE) are said to have the Painleve' property il :
(1)~ We get the compatibility in the recursion relation at resonance points
(II) - The number of integral constants in ODE {or arbitrary function in
PDE) ,equals to order of (ODE) or (PDE).
(Il1) - the number of the integral constant in ODE {or arbitrary function in
PDE) ;equals to the number of the resonance of the recurston relation

and let @=0 be the movable non-characteristic (i.e., gegn #) singular
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manifold of solutions, Assume that .

u o= #Z g’
where ¢ and u; are analytic functions in a neighborhood of the manifold
=0,

Putting the above expansion into the equation and analyzing the leading
part, we get the value of p and a series of recursive relations for ;. We say
that this equation has Painlevé property. if the following three conditions
are satisfied:

(i} p 1s a positive integer.

(ii) the recursive relations are consistent for all H;

(in1) there are enough free functions in the sense of Cauchy—

Kowalevskaya Theorem .

Definition 1.1.14 Schwartzion derivative [38).
The Schwartzian derivative of panileve' holomorphic in "

denoted by , : 2
3
SIPERRICN

9. 2 o,

and ,
C=_%
@,

§ is called Schwartzian derivative while ¢ has the dimension of

velocity . According the compatibility of Cand . we have
S{"‘Cm'{'zc.rﬂ'{uc'gr:ﬂ -

P ex

besides ,let L =-
2p,
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Lemma 1.1.15 [43].

Let w and i, be two linearly independent solution of the equation,

which are defined and holomorphic on some simply connected domain D
in complex piane, Then W(z)= ¥, (2)/ Ws(z) satisfics the equation

(W Z}=2P(z), oo (11T}
Conversel, if #yz) is a solution ol (11T} atall point of D then one can find
two Imearly holomorphic independent solutions ¥rand ¥; of (II) such that

Wiz)= ¥1(z)/ ¥:(z).in some neighborhood of Z, < D,

Lemma 1.1.16 [43].
The Schwartzian derivative js mvariant under fractional linear

transformation acting on the first argument, namely,

{GW—Fb;z}:{W;z} ad —be 210

Where @, b, ¢ and 4 are constant.




CHAPTER TWO
Korteweg-deVries (or KDVI) equation. 1

|
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CHAPTER TWO

In this chapter we study the Korteweg-de Vries equation.] | and
through this study we tind that the Konteweg-de Vrics equation.l satisties
Painlevé property ,and by using truncation technique , we proceed as
follow .

The Korteweg-de Vries (or KDV.I) equation.I

Section 2.1
Painlevé property .

+]2 Hffx+um =0, (2‘].])

1 & :
Let u = ?z M ’be the series solution of (2.1.1) ,where @ and
J=0

t; arc analyve functions in a neighberhood of the manifold ¢=0.
First. 10 find value of p we need o find &, . 4y, and f2uu,
then :

u, = Zlu,fw" P+ (j- P, (2.1.2)
S0

Z“[H;xfﬂ" P (- pyuge0?),
pn
= S )07 + 20 - DY+ (- P00
j=0
+(j-p-Dj- pu;pie’"7,
“ - . i—p-1 + a
"m=Z[Hj.ur§9I F+U_p)uj_x¢x'p; i +2(J_p)”j,xx@x'??j P
4=0
, s
+ 2 = Pl @’ P+ 2= PG = p— Dm0’
. -1 . 1
+U_P}”_j,xw.qugj i +U_p)uj$x_xx¢’j -

j—p=2 -1

+(j=-pi-p-Dupo.0 " +(-p)j—-p-Tu o
+ 2{.}' - p}{j —P- l)ﬂj,x@x";‘oﬂ?}_p_z

(- p)=p-DU ~ P~ D0l ]

1t



CHAFTER TWo PAINLEVE MROPERTY

Uy = E[H j,xx.'r@j_p + 3(.] - p)” j,.tx@x@j-P_l + 3{.’ - p)“ j,x@xx@j_P‘]
J=

+3( = pYJ = p= D 000" P+ — P’ P
+3-pi-p- l)ff_j';ox‘;ox.rgoj r

+(j~ P =PV - p-u 050’77, (2.1.3)
and
o i=1 _
12““! = 122 |:Z ”Eu,.f-l-k T i I“.-I"'.‘I‘lln'(“F - p)@x J=2pl 214
ju0 k=m0 R (2.14)

Now substation {2,1.2) . {2.1.3) 2.1.4) into (2.1.1) we get,,

Y 0T - phpelT }

J=0

o =1
+]22|:Z”£“, 1k x +ZHJ i - p)n;ox](nf‘z*""

F=0] k=0

3@ 43 = P00 430 = P,

=0
+30 =)= p =D, 050" + (= Pl 0"
3 -p)J-p- l)zrquxgglu@f‘f"z
+(j-p)i-p-D(j-p-u,ple’"7} =0, (2.1.5)

Now by comparing the towest powers in (2.1.5) to find p,

j=2p-l1=j-p-3
—2p-l==-p-3
= p=2



CHAFIER TWO PAINLEVE PROPERTY

Now substituting p=2 inte {2.1.5) ,we get.

-

24,077 + (= Du,p,077)
JuD
= | i-]
+1 220[; M, + i u, (i 2)@1}5;—5
j* =| inl}

+ 2 A, @ 430 =2, 0,077 +3( - u, 00"

=0
+3 =D -p-3u, 0i0" +(j -2, ¢~
+3(f =D -Du,p.0.07 (-2 -3/ - du ol

0,

Now by associated the summation ,we get .

S, 43 0,007

-
+ 1 22[; Lt i v, (i — 2)@1]491‘5
Jed L %= A
+ guklmm"'j + Z}}(j _ 4)1‘[}_2.”%‘;0}._5
N Zzu ) I ; 3 -3 -y, 020"
+ i (j=du, o 0"+ 23( J=—4 o0
+ ;U —2)(j =3)(j — 4,99 =0, (2.1.6)
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Now to find #pthen at =0, we get .

- 2ujp 9’7 - 24u,0lp" =0,

2

= Uy = —@, (2.1.7)

Then {2.1.6) , becomes .

Z”j—lxwrs + Z (J’ - 4)”1—2@:@1-5

4m3 FLE

+12i|:2u ¥ yiy +Zf{, 1,00 - 2)p, ]W

=1L k=D

+Z”j3m¢' +z3(j 4)”; qup (92’5

FLF:

£330 - D P 0" +Z3(J N -, 0.0

=2

+Y (- Du, E@OTH@”+Z3U N-Du o007

J=l

(=200 -3 -4y, ple =0, (2.1.8)

i=l
Now to find w; then at j=I', we get .
2 3
2ugug  —36uyyp, +18uy @ +18uy@,@,, — 015, =0,

12(—02 )20 @ ) = 36(~-@2 Y, +18(—20, 0. )i
+18(-02 )0 @, — 6110} =

14
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— 30u, — 30, = 0.
=u =@, (2.1.9)

Then (2.1.8), becomes .

X

Z “;‘-axr@j-ﬁ + Z (f - 4)”;-3@; 9’7}.-5

j=3

+ 125: [i TR i u _u(i—2)e, ]4::"'"5

+Z”; s’ +Z3(; M, , 0,0

_,I""

+Z3(J N o’ + Y30 =) - D, 070"

i=1

+Z(J D e .0 +ZJ(1 - -Hu 0.0

i=2

+ Z(f"'2)(j—3)(j—4)ujgojgo""5 =0, (2.1.10)
Now to find n; . then at =2, we get .

- 2uyp,0 "7 +12[Zu U, _ k1+2u1 (1= 2)p, ]

1=0

- ﬁﬂn,n?’xﬁ”- - szﬂ,r(ﬁﬂq} + 6ul_xq9x¢3
- 2”{]'6011:_'::{?9_3 + 6”]@1:@::1:('0_3 = ﬂ=

15
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Becomes ,
= 2ugp, + 1 2ugu,  + 20, , — 24uju,p,

— ]2"]299,; - Ouy @, — 6y ..+ 61£l1xq)f
- zuﬂqoxrx + 6ul';gx';'9xx = U?

2020, +2¢lp. 2400 +2403u, - 12¢ 92,
+1290,. + 120,05 +120 01 +6p 0., +2010..
+6¢.0. =0,

Then ,
.0, +12u,07 +4p 0. 30, =0, (2.1.11)

Divide by 129,

2
SN /R L (2.1.12)
12¢. 3 ¢, 4l @,

Since p=2 , by using the technique of truncation , and let ; =0
forall j=2.
Then the series solution :

1 = z HJ@J‘—F‘
jm0
=> u,p’’
j=0
w=u0" +u@ +u, (2.1.13)

16
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By {2.1.7) and (2.1.9) ,we get .

2

3 In{g)

u=u,+

Then
: 1 t 1
u=_(¢',) +wn+_(¢0_ﬂJ lp. 1o
@ e 4 o, 3o, 12¢,

Then {2.1.10) , becomes .

j-1
w; 3, + {(j- 4)“;_2*?’; + 122 Mol iy )
k=0

+ ]22' u;‘-;‘”;‘(j - 2)p, + Wi T 3(/ - 4.)uj—2.xttpx

2

+ B(j o 4)”}‘—2,1‘@:&' + 3(.; - 3)(j - 4)”_{—1,1’@1
+ (J o 4)”}—2@1‘:& + 3(.; - 3)(j o 4)”;-[‘;0_1-";0_1-_1;
(=2 =3 - Hue; =0, (2.1.14)

Now in (2.1.14) , to find all coefficient of #;. where u; =48
lor all j<@.

J
if i=0= 12Y u,_u,(i-2)p, =24p5u;

=g

/
if == 12X u,_u(i-2)p, =125 (-2,

i=g

17
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Then (2.1.14) | becomes .
Wi, T(J— 0, + 24@?311}- — 12@;"(.;’ = 2)u;

+1jZ”kuJ-lk‘r+lzzHJ' i ‘_2)';9.1‘

i=!

FU oy ¥ 0, (- B 0
+ 30 =3 ~ Wy 97+ (= D 00 e
+3(J -3 -, 90,0,

(=2 —=3)Jj - Du,pl =0,

‘Thus the recursion relation is @
G+ =9 =6y =~u,;5,— (- Hu, 0,
-1 =1
-12) Myt iy g x — 12y w1, (0 = 2)p,
k=0 i=|
- “j-lm - 3(j - 4)!1"!_2‘1.‘.@1 - 3(j - 4)“;_2,xfpxx

=3 =30 - M, 05 — (G — 40 ;30 e
_3(.;_3)(}”4)1{_;—1{0::@11 (2.1.13)

Clearly . the resonance point are j = -1, 4, i .commespond to the free
singularity manifold function @(t,x) . and arbitrary function
My Hy .

18
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Now at j=3in(2.1.13) ,we have .

2
3
2wy, + 1y, —up, + 122 Uplly 4 o
k=0

2
123wy 1t,(i = 2)@, Hitg e — 3,0, -

i=1

o 3”!,;";9” “H P = 0?

By using (2.1.7}. (2.1.9) and (2.1.12).
ulf}_..l;'r.r = _zw.tqgmx - 699:.1'(?91:“
By differentiating (2.1.11 } with respect to x , we get .

PP+ PP +1207u,  + 240 0_u,
+ 4491';0.1'.1'.1'1 + 4@11?}1'[17 - 6(‘0.'('.1";91'.‘['1 = D’

- li;pfuzlx =@, 00, +240.0 U,
+ 4‘px€pxw - 2@1?@1“ !

By (2.1.11), {[} and (I} , we get.

120,00, = 0.0, +120,0,1, + 0.0

Division by 72¢.”

] i ]
3=_¢g+@n22+_§01§“;
129, ¢, 12 ¢

i

19

M

(1D

(2.1.16)
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Now ,at j=41n(2.1.15), we get.

3 3
wy, F12> g 12w, (- 2)g,
k=0

i=1

+1) o =0,

u,, 12050, + 12000,  + 20,0, +12u,u,

—12uuep, +1200,0 +u, =0

I xxvx ¥

‘;ox.rr - iz@i“lx + 12@.1::”2,1: + IZQJWHE T 24@1@):1“3

+ @ =0,

2 ';ﬂt ('I;Dx_:'r +}2€9m”’1 + ]2@11”21 +'§0-;1.-.1':'r)
Py — 12001 — : —
e x ]2‘;0'—:

| 2¢ (@, 129 _u, + ¢

X

:| +12¢ u,, +12¢ u,

+12¢ u,+¢,.
- 24@1(;?11 {{pﬂ ]';;1;02‘- (D . :! + @_rx.\:tr = {]!

';ox:u - ‘;0.':.':.' - lz'@m”ﬂ - 12@.\'_’:”2,1 - qpm::r
9 2
+ -qou@_ﬂ 4 24@11"2 + 2@3'?:1.1:1

+12¢ U,
go.r (px ';01-
24
+ 12@-‘1“211. _ 2(-’03-_1-60:;.- _ w.‘m‘”Z
Dy ?,
7
_ “qﬂﬂ':gmx + ‘pm — 0’
@,
D=0,

20
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Now al j=5 in (2.1.15).

4 4
w,, + 12> w123 ugu(i-2)p,
k=0

2
tUy ot Bu, @, + 3“3.;:4%; + 6::4“‘:;0:

FUP o + U 0, +uyp, - 6pus =0,

uy a0, + 200, ¥ 1200,  +120,u,
+12u,u,  + 1200y — 1200, +12u,0,0,

+ 24 uu,p, + Uy e + 31:3.n§01 + 3H3_x§0n_

+61, @] + 10, +6u,0.0, —6plu; =0,

Since ;= forall j>2, then.

uy, + 1200, +u, . =90, (2.1.17)
Then u; is a solution of the Korteweg-de Vries { KIDV 1) cquation.l
By, at in{2.1.15) with j=6 we have.
Uy, +2uyp F 1 2u5us 1 20u, 120505

+ 12030y  + 1200  + 12050y — 1 2usnp,
2
+12u30, +24uu,0, +300wusp, + Uy

+ Oy L@ +OUy P+ lﬂuj.x:p_f + 21,0, =0,

Since u; =0 for all j >2 , then .
0 =0,

Then the Korteweg-de Veies ( KDV.1) equation.], have the  Painleve’
property.

21



CHAPTER TWO ANALYTIC SOLUTION

Section 2.2
Analytic solution :

[n this section. we follow the idea to derive analytic solution.
They arc invariant under this transformation |

H: r,zﬂ—}j:::f (d - By 0).

They arc the Schwartzian derivative.

2
S(w)=£"“£—1(‘ﬂ—“] ~ 2.2.1)

and Dimension of veloeity .

C(g)=——L (2.2.2)

?x

furthermore we define |

T
L= 20, (2.2.3)
Since
, 1
L. =-["--§ 2.
1 5 (2.2.4)
and

. .
fp==Cly—LCy+5Cx

22
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The compatibility of § and € given by,

S +C_+2C S+CS =90, (2.2.5)

To prove this .
Firstwe find §, , C, |

v = Px%xxt “Pxt P xxx _3[¢’xx ] PxPaxt “Pxt Pax

r -
ol ¢ pl

3 2 2 2
[‘/1:;4 ](‘?’m\f Py PuPox¥x _3‘3:’1'.7:! PxPxx +3¢II¢II) (22.6)
X

and the 25C, .

2-
2(—! 1q:2 _qﬂxfﬁ)x 'ﬁgiw.ﬂ: g‘}m _E ﬂ’xx
.-x a}x 2 .

3 2 2
= /‘/z}ﬁmx@m ~30,0 3 20003 P + 3020 | (227)
LY

Px
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Now _to find 5, . €S, .

2
5 = PxPlrere 2P xxPxux _3[ '?’xx] PxPoer Fux |

o ?E Py 9?_3

2 k!
=[ ] "; 3 I P e P —4 ¥ P o +3¢’xr }
X

@y 2 3
CSy =[_$_'J( Prvee Py~ P 1P gy T30 ]’
X

N R VAN FA. _ k!
[/'F";J: ‘afg}xq"xm"’"mfg’xmxrﬁxn 3‘?."?11]‘ (228}

und to find C.. .

0P — R
C.r = _L{TTI_IQ":[/VE]('¢n¢x+‘°r¢n)
";px kY

i A
_—_— 2
¢ ‘L %} 4| ¥x (' Prox Py PPy TP ooy TP Py )_(_ PP 9P b@x P }

XX
X
i AR
7 |- 2, +2 2pp2
/fF} CreaPx TP PxProx T @ PxPrx ~-OPx |
h, )

2z
3 TP reex P 2@ PPy T Prx PP e H P o voce F P P P xxx

X 2 2
+2‘Pm PePrxt Zr;ﬂu @ P xxx +2¢'£x Px _z‘p.*x Py —4 PP rxr

“d iy

2 27,2
_[_';pj'.u@x T P xex "'ziﬂui}’?xﬁ?n—zﬂ?‘qan] 39 0P

3 2 2 2
= Proer Px el P e e YO P v Prxr TP x P TP xPxc Py
2 2 2 P
= [ l;:i 20y Py P 2P PP ey T2 P ix 2P Py P e ~ VPP P P xex
x 2 3
30 P20 1y P91 e P e =60 P Py HOF(P 3y
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CHAPTER TWO ANALYTIC $OLUTION

Then

3 P 2
o = [/ ] @ Px T30 P Parx YOPEP vy ~OP PP e P
" xxx Y
’ Px +34”£U:¢’.%¢.tx _ﬁ'p.'x ﬁx'pxx""ﬁ@r@:%x

(2.2.9)

Now substitute (2.2.6} ,{2.2.7), (2.2.8) and (2.2.9) into (2.2.5) ,
We get .

[ 3 2 2 2 3|
~Prexe Py - PP Pae - WreePr Cxx PP e P ~Proex Py

2 2 P
L/ ) +3$ﬂ-¢'x¢xxr +$f¢"_r¢'lx'm _ﬁ¢f¢I¢’LY¢llT +3@m@x¢xx
/o3

2 3
6 TP o + SO P 2B P ix P rx 3O P =20 820

2z
430,002 0020 1 PP B i Pxy —3P, P

then.
0=10,

Now by (2.1.12), (2.1.16) . and ;=8 forall j=>3
we obtain.
2
o Pxt 1200 _Lﬁ_im+i[mJ . Pocex

Py Py 12 @y 3 Py 4 Py oy

3
0= Pyt PrPrx  APPrc +3[ ‘P.r_r] 4 Prexx

Or  p2 2 Px Px

Cx =Sy (2.2.10)
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CHAPTER TWO ANALYTIC SCLUTION

and
2
i =—LEL,_,_1_@IX§_+_]_ "px_x
2 - '
lz‘??-x = @I 4 g?x
2 2
129y 3 o PAN 4\ oy
2 2
= —..I_i?i. —_ I ajm 3 ;p_'f_‘{ ] ["px_\: ]
g, 3| & 2| o, 2.
1 1 2
; Py
o —-—— !
271773 [z@x] (2.2.11)
= uz-_-L{:‘_lS_LE
12 3

Now to find  #y,, 1203, and )

1

= S Cx-xSy-2LL
uz._‘{'_ﬁ I"j~x'- x
) ey = T],—E-C.rx - ; Syx — z[ Liyy + Lg]
y o= Tli‘cm L e =ML + Lyly + 2Lx L)
= I‘]E‘C.r.r.r "%Sxxx —2LLeyy —06LyLyxx. (2.2.1 3}

26



ANALY TG SOLUTION

CHAPTER TWO

Le-lgo LZI% c Sy zmx}

2
—12C, +3128, + 24131,

By substituting (2.2.12} . (2.2.13) and (2.2.14) in the equation,

wr b 200t 1y =10

we obtain.
. i [ . | =
I ]

17 3
+8SLLy - 12C, + 4128, + 2473 L, + 75 Cavr = 3 5xux = 2L yer

- ﬁLxLH = ﬂq

Then :
20 10 +CC - 40
X % X xX

€, =45 - 2CL3 — 12018 + 241
5

—4SC 41658 - r:u?r_?‘r msfst + 240107 —o68L> — 2881

14423 v 7207824125

H2CIS—48LS 7144 1354C 45, +

+2APSH2LS 01288 s e 5536128 _v 12135

+3615° 1855 =0,
by
. 2 1 . e 1 .
€, =48, +12L5C, 120001 + CC —4CS, —48C,, - 255,
12228, +Cypp =48 pp #1208 =,

By (2.2.10). then :
12t2c, 12225, =12L2(c, -5, )=

=

*

also
—12LC 4y +12L8 (= 122(S - C oy )=0,

27
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AMNALYTIC SOLUTIOGN

Then (2.2.15) .becomes .
C, —48, =3CC, —=68C ¢ =3C ey =0,
And by substituting S, in (2.2.5), we get .
c, -4(-C
Lead to,
Cp+C gy +2C,5+0C, =0,
by compared with (2.2.5) .,
Then :
C, =S,
By (2.2.10) and (2.2.17) then :

C=S5S+K where Kisconstant,
for: K=0
=C=5

Then (2,216} becomes .

-3C, -9CC, -3C,, =0,
=C, +3CC +C_, =0,

=S, +355, + S, =0,

This Korteweg-de Vnies like equation .

28
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(2.2.16)

-9,

(2.2.17)
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CHAPTER TWwO EXACT SOLUTION

Nection 2.3
Exact Solution .

Solution for constant S .

The constant functions § =217 where A is a constant are solutions of
the Korteweg-de Vries like equation (2.2.19) .

casel :
For § =-24° : we have
S={p,x}=-24

Hence P(x)= -A° in (IIl ) of Chapter One, and two lincarly independent
solutions arc |

W, = E(tye® + F)e™ , ¥, =G{Ne™ + H{e™

Therefore by Lemma (1.1.13) and Lemma (t.1.16) of Chapter One
obtains .

Eye™ + F(@ye™

t.x)= . . EH-FG=0, 2.3.1
plt-x) G(tye™ + Hie™ (2.1
By using (2.2.2) and (2.2.18)} , then
C=s=-2t o 242
Px (2.3.2)

Now o tind the ¢quation of cocfficients E(t) , F(t) .G(1) and H(1} .

(Gye* + Hrye XE'(t)e* + F'{rye™)
= (EWe” + F(ne NG (e + H'(e™)
- (Glye™ +Hitye ™)'

n L]
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CHAPTER 1w EXACT SOLUION

Then :

[(GHJE*UJ - E0G0)e*™ +(HOF () - F[e‘}f!'{:}}e'y‘r]
+HGEYF () - FYG (O (HINE' (1) - E@ ()

(Gwe* + e}

!

and,

A(G{f}f*' + H()e™ IE{f}e“ - F(r)g_‘h) . ok
= H 1
" [' ME@e™ + F(ye ™ NGl e* - Htye™ ) Coe* + Huye)

- 2A{H(OHE() - GIOF ()
(Goye* + Hye ™}

By (2.3.2), we get

_ [[G[I}E’[f} - E(G@0)e™™ + () F'() - f(r}u'{r)]e'”-']
o - Lt GOF () - FOG W)+ (HOEQ) - E@)H (1))
QAH(OEW) - GINF(N)

‘Then :
(GOHE' (1) - ENG )™ +{(HWOF'@) - FOH'(N)e ™ + GU)F'()

- F(OG' (1) +(H(OE (1) - EH (1))
=4} (HNE@Y - GInF D),
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CHAPTER Two EXACT SOLUTION

This leads Lo a system of nonlinear ordinary differential equation in
voetficients E(L) , I(t), G(t), and 111},

GE' - EG' =0 (1)
HF -FH' =0 (47)
(GF' - FG'}+ (HE' - EH") = 42 (HE - GF) ——— (4il)

A particular solution of (1) and (11 )is:
E() =BG}  and Fit) =AH{1)

where A , & are real arbitrary constant .

Substituting these imo (111}, we get .
AGHH (1) = H(NHG'(HO)+ BH (NG (1) - G(1)H (1))
=47 H(NG((B - 4),

— (4= BXGWH() - H(HG'(1)) = 4P H(G(1)(B - 4),
GNH' (1) - H(DNG' (1) = s P H(OHG (1),

Gy '() = 11(NG"W) __, Jr
H{)G(H) ‘

H_ G0 _ s
H{n) Gt

3l



CHAPTER TWO EXACT SOLUTION

by integrating the above .

f.n[i) = -4 4%,
G

= % = Expl-44%)

Then {2.3.1) . becomes |

_ BG()expl(Ax)+ AG(r) expl- 4281 — Ax)
\?’(’r-’f) = - 3
G(ryexpl{ix)+ G(e) expl- 4 81 - 2x)

1
And multiplving by ——expl 2%
PLYINE D) G F‘( )

olr,

2

¥)= Bexp(ﬂ’r + ﬁ_r]+ Aexpl- 281 - 2x)
exp2a% + Ax )+ expl- 24 - ix)

Be® + fe™®
olr.x)= c Ae . where &£ = 2% + x

et ¥
_ Bfsinh A£ + cosh A€ }+ Afcosh & - sinh 4#£)
- 2 cosh AE ‘
_ (B + A)cosh A& + (B - A)sinh A&
- 2 cosh A& ’
= pft.x)= K, + K, tanh A& (2.3.3)

where K| = (B+ A)f2 , K, =(B - 4)/2

where K and K arc arbitrary constant ,
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CHAPIER Twa EXACT sOLUTION

When &) =0, by substituting (2.3.3) in to (2. 1.12}, then :

o I 2K, 4" sech*as l-Zﬁlfsech‘ig;'+4ﬁ{1fsuch‘i{ftanh’&é’
= -

12 K,Asech®Aé 3 K, Asec h*A£
L] 4K 72 sec B A wanh® A
4 Ki3*seeh' A&

s 1, 1 ;1
= u; =Alsech /..f—; . where £ =x + 2%

By (2.1.7) , (2.1.9) (2.1.13) and (2.3.2). we obtain |

M _ gy
u =—%+E€i"—+;¢:2
@ @
-KiA sechids K4 sec kA& unh A N
= - i
Kitanh? iz tanh A& ?
2 1
—A" sech AL
-4 m:t; 22 247 sec J:zi§+u_,_
lanh © A&

=~A7 sec }zzzl,f(r:scc J’rz,?L;’ +2)+ Mo

0 ]
=u= -f(c sec h? A& + 5], where £ = x + 24i%¢

1" (n
Hence #(s.x) and u,(t.x) in the above are exact solutions for
Korteweg-de Vries (or KDV-) £quation .
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CHAPTER TWO EXACT S01UTION

case |l :
For §= 24" ; we have

§={gx} =247,

Hence P(x) = 4’ in (II} ) of Chapter Onc .and two linearly
independent solutions are .

V, = E()e™ + F{e™ : V. =G(e* + H{)e™

Therefore by [.emma (1.1.15) and Lemma (1.1.16) of Chapter One
obtains .

E(e™ + F{tye ™
G(ye™ + H{t)e™

@t x)= , EH—-FG+0, (23.4)

By using (2.2.2) and (2.2.18}, then:

c=85=-Y1_2 (2.3.5)
o,

where :
{GOEW - ENGOR™ +{(HOF'@) - FOH (O) ™
_FGEOF ) = FINGO)+ (HINE ) - T ()
{ (Gtye® + e}

and,
_ 2AHINE@) - GINF()
(Gl + H@pe 2}

x

Then :

@ |+ (GIOF(1) - FOG' O+ {H(OE (D) - E(NH'(1))
o, - 2iA(H(DEW) - Gy (1))

{(Gmﬁ’{r) — QOGN + (H(OF(1) - FIOH (1))e™™
@ _ =24*
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CIAPTER TWO XAl SOLUTION

‘Then the system of nonlinear ordinary differential equation with
coefficients E(1) . F(t), G{t) , and H(1) . becomes .

GE' - EG'=0 (1
HF - FH'=0 (1)
(GF'~ FG')+ (HE' - EH'Y= -4 (HE - GF) ————— (1)

A particular solution of (1 Yand { I[ }is :
Ef) =MG(t)  and  F{i} =NH{I)

where A, & arc real arbitrary constant .

Substituting these in to (1), becomes .

G Explaia?e)

Then (2.3.4) . becomes .

(rx)= MGty exp{Aiv) + NG exp{a i - Aix)
o G{tyexp(dix) + G(r) expldA'it — Aix)

|
And multiplying by ——exol— 24t
plying by = pl- 22}

( )_ M exp (— 2;13:'.* + AixJ+ Nexp (213;': - )::‘x)
e x)= (C2irs 2ix)r expl i 2
expl\= 2470t + Aix ]+ exp 247 — Aix
Me g + Ne ~Ais 3
= TE A where £ = x =247t
& + ¢

T
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CHAPTER Two EXACT SOLUTION

Then :
olrx) = M(sin AL + cos i._f')+ N(cus AE - sin if).
2eos AL
(M + N Yeos 22 + (M = & )sin 2z
) 2cos AL
= olr.x)= Ky + Ky tan ig (2.3.6)

where K3 = (M + N)/2 | Ky =M - N)/2,

where Ky and X are arbitrary constant |

For K; =0. then by substituting (2.3.6) into (2.1.12), we et ;

W1 -2R A sect A8 12K, 2 seet A8 + 98,2 see? A& an? AE
T2 K aAsectaz 3 KA sec? A&
2 AK A see A¢ an?® A¢
4 Kiilsee' A&

{2] "z 2 . ] *1
= u, = —4"| sec 4§—;~ where £ = x = 24%

and by substituting (2.3.6) into (2.1.13), we get

(2] _ i @
n = ggj + XX

@ @
(2) X ; ] .
= u == ¢seC /.J;—-; . Where £ = x—24t

+”2

(2} ] . . i
Hence wirx) and a,(r.x) in the above are exact solutions ior

Korteweg-de Vries {or KDV-I) equation .
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CHAPTER THREE PAINLLEYE' PROPERTY

CHAPTER THREE

In this chapter we study the modificd Korteweg-de Vries equation.Il ,
and through this study we find that the modified Korteweg-de Vries
equation. Il didn't satisties Painlevé properly ,but despite that by using
truncation technique , we also find analytic solution ,we proceed as
follow .

The modificd Korteweg-de Vries (or KDV.II) equation.Il

Section 3.1
fainlevé property .

2
H,—6u‘u_+u, =0, (3.£.1)
Let &= —PZ ujgﬂ"be the serics solution of (3.1.1) .where @ und 4;
=0

arc analytic functions in 4 neighborhood of the manifold =0,
st to find value of p, we need to {ind u,, u,.. and ."2::2;:_,;
then :

o= w07 F +(j- pugp’ ", (3.1.2)
=0

ol

= 2 [u, 07"+ (- pup e’

=0
e = iﬂ (4’ + 20 = P 0,977 (= Pl @
pn
+(j—p-1/- p}u}.?gf =p-2).
{:

+3(j - p)j —p—l)uj_xqﬂfw“’* +( = PP’
+3( =P = =D 0,000 7
+( - -p-DG - p-2u,gle’ ], (3.13)
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CiAPTER THREE PAINLEVE' PROPERTY

w  f )
u? = 2. Z”j—&“i?"’-”

F=Dk=0

and —6u*u_ =

2| & J-l & |
—6 Z]:Z Z Uy ity it (J—k—pp, + Z Z “j—i-I,.r”.i—,-‘”;':|@'r-3p_l

=l &=0i=0 k=0i=0
(3.1.4)
Now . substituting (3.1.2). (3.1.3) and (3.1.4)into (3.1.1) .We get.
& . |
2N y,07 7+ (= pyu 0!
FLLY
w© ok =Lk 3o
-6 i > gttt (= k= plo, + 2. 2 g ity 070
=0l 4=0i=0 k=0i=0

+ @ TP I - P 0 0T+ 3= pu
f=0

+ 3{", B p)(‘; - P ])"Lx@fw}-ﬁ—l + (JF - f))”jmn‘x@jﬂj_]
3= p)Jj-p-Du,0.p.0 7
+(=-PNi—p-DJ-p-u,pie’ "7 ]=0, (3.1.5)

Now , to find P we must camper the lowest power in (3.1.3).

Jj=3p-1=j-p-3
=> p=1
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Now | by substituting p=7 into (3.1.5), we get .

w07 (G- Duyp,0 7

jal
_6Z[i2”; Jc”icz ;(J’ k—l)ﬁ’) +ZZ“}£’]1‘”£’ f”:j‘@ -
j=0 k=0i=0 k=0i=

+ Zluj‘mg:j_' +3(j _])HLHI;DI{OJ_E +3(j- l)uj-.r(pﬁgoj*:
j=0

+30 D - Du0i0" 7 +(j-Du,p 0’
+30j =1 - 0,007
+(J =D =20 -3 ele =0,

Now by associated the summation ,\we get .

Z”; 3[‘;0 +Z(J‘I 3)“; 2@1‘

FLE] i .

_Gé[ggzﬂ (k= +a=u§H’ ol ‘}51-4

"';}”; e ® 4230 N, 00"

+;Z-z:3(j_3)”a’*~*¢’u‘?’j_ﬂ +;3(}-2)(j—3)u,--1,,¢ofrp"‘

+ g(j 3,00 gs(j S -3 g0 0"

+iﬂ(_f-l)(j—Z)(j—3)”I¢;i@x-4 =0, (5.1.6)
£

40



CHAPTER THREE PAMNLEVE' PROPERTY

Now . 10 find &y then at /=8 tn (3.1.6). then .

Gugp 0 ™" — 6ugpip’™ =0,

2 _ .2
= Hy —l;OI

= Uy = EQ where £ = 1 (3.1.7)

Then (3.1.6) becomes ,

Z ”_,r—'.i,r@j“‘ + E (.J'r - 3)”;‘-2@:@j-4

L J=2

& ) i=l
- 62 l:i i i, 1, (j—k—Dep, + Z Zk: o e Ml :|‘”r“t

J=1| k=D 4=0 tald jxi

+ Z “j—.i.m@J-li i 3(j o 3)”_{-1,.11 @I@j-l‘

1=3 =l

+ 2.3 =3, 0.0+ .30 -2 - D, @l
J=I

2

+ 230,07 + 3G -2 - 3,000

j=2

+2 (=D =20 =3, 0le"" =0, (3.1.8)

7=
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Now . to find #; then at =7 we have from {3.1.8) .

1 [ &
-6p, ), {Z MUy :[("k)”l-k ¢ -6 i [i Hp-ill; }'-k-x@_J

k=0 f=0 k=00 i=0
2 -3 -3
+60 Uy 0 60 @ e =0,
1
- 6'?91-'; RSN G AN T 6051ty
=0

+60,. 9 Uy =0,

2 2, .2
zg‘oxulu[l - uﬂ,xu{] +¢"x H[]..I +I;OII‘,'.0HH[] = 03
3 o2
200 +ep @, =0,

= =—£@—”, where £ =*] (3.1.9)

2 ¢,

Since p=1 , by using the technique of truncation ,
and let 4; =@ for all j>1I,
‘Then the series solution :

o
_ PR
1t Z u;Q
i=0
becomes
1 N
w=20 (3.1.10)
@
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Then (3.1.8) , becomes .

Z (JII - 3)(“;’—2@: + 3“;’-2.1'1.'@1 + 31{;‘-2,;:@-;:: + ”_;‘-Em.ﬂ.r o

=2

=1

= f ok
- GZ [z Z w o, (j—k-lg, + 2 i o ey :|w;-4

j.: k=D =0 k=0 =0

+ U, @ Y 3 -2 - 3)(uj-.,x¢?f +u,,0.0, )‘PH

= =

T Z“f’—l,_mqu + Z(J_ l)(}‘ - 2)(J'— S)Iij.@jg)'j-d = U, (3 . |]
=1

j=3

Now to find & then at /=2 , we get .

- H{]‘:ﬂr o 3@:{”(?“7&1( - Jui],x@n - u{'.l{‘oxxx

2
- ()G}f Z [Hki'!{“ + Hk—l“l '+" Hk_zuz kl - k)uz_k
k=0

1
-6 [0 + gy, ]”Hc,x =0,

k=0

- “ﬂ{fpr + ‘;'gxxx } - 3':'0.1:”'[],xx - 3”0,){ (':"o_rx + 4”13”1)

;s
+ 60, (ugul +u,ul)—6uiu,, =0,
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By using {3.1.7) and {3.1.8} , we obtain .

— &Py (‘rf’.- @ ) o 35@:{@;-:1' - 38@.{1’ (@xx o 2';‘0.xx}

2 2
" w{%*”—m fp] 3@5[*‘%%, E ) -0,

P x

X

3 -
60 (1 TP )0+ 6piuy =0,

X

e [ 1 3 :
= u, = —w[@,wm]-k(‘”“] , (3.1.12)
69, | ¢, 2 ¢

Then (3.1.11) . becomes .

Z {(j- 3)(1:}_21;0; + 3”.j—2,xxwx +3u; 5,0, + Ui o }0"'_4
=3

o ik i-l k
. i_q
_E’z ZZ“j—k“k-f”f(J k=l + Z Hj—k—l..t”k-;‘”i:|¢}j
7=3] k=0i=0 k=0i=0
S | g : 2 -4
#0507+ Y 30 =20 -0 00
J=3 =3

D@ Y (D -2 -l =0,
j=3 J=3
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And by equating both sides , we get |

M, + (- 3)( @, +3u,, o, +3u}1x¢? U, ,0. )

[;

- 62 Z Hj—l’“l‘—l“r (j - 'k o lkax - 62 Z ”j—l’—!,x”i-f”r

k=0 =0 =} 1=l
o 30720/ - 3)(~j-.,x¢93 + rn-lwx%)
+(j =D =2)(J = w0, =0, (3.1.13)

where #; =8 for all j<f, to find all coefficient of w;we have

J k
if k=0 = -6¢, Z [Z uk_,-zf,-jl(j— k= Dy

k=0|i=0
= _6$xu[2}(j - ])”_;

Tk
if i=k =>_6@xi|:z”k—;‘”:‘:[(f_k_l)”j—k

k=0 i=0

= 6¢0Iu§u :
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Putting this in (3.1.13) , we get .

Wiz, +(f—3)(”j—2'?7: +3u; 5 0@, +3U, 5 @+ M, 2¢’mJ

i=1 F-1
_(Z[Zuk I“i:| ;k(f k_l)@t_fiZ[Z”k - i}; k-1.x

k=] =0 k=0 i=0
-1
+ 6@, 1 Z it +3(j-2)(j - 3)(u1-_l,x¢pf + uj_lqa_tqpu)
i=]

Py e+ (=D =2 =307 - 6(j =393 = 0,

Thus the recursion relation is ¢

(J + l)(f 3)(J 4)@}:”; _“ GQIHGZ“_,J ~iH;
i=1

G =3Nityay + 301 00 4300 P a0

k
+()Z|izuk i ;:' i .ir(JF k—l)@x‘i‘ﬁZ':ZHk - i}; k-1,x

k=l k=0[ =0
—H3 e — =20 - 3)(u xPy UL PO ): 0, (3.1.14)

Clearly , the resonance points are j=-1, 3, 4 .correspond to the
free singularity manifotd function (t,x) , and arbitrary function
Hy, Hy.

Forj=3in(3.1.14) .we have .

_ 2
0= _HU,! — Uy e T 6';91 (”2”[ + HIHE)

2
+6g, Z [ukuﬂ Sl PYRTIIEE o PR 1 D) ](2 —kWiey_,
k=1

4 62 [“k“u + 0+ uk_zuz}fz_m
k=0
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Then :
0=—uy, —u, . —6¢ (uzul-i-u zf1)+l2fpxu H i,
)
+6ugu,  +12¢ uguu,  +6u, ul + ugu,u,

Hence .
2
O=—ug, —ug o 120 10, +12¢ uguu,
2 e
—bugu,  +12¢ ugtuy , + 61y u; +12ugu,1,

But u; = for all j22, then :

- 2
O=—uy, =ty o +12ugunt,  + 61, 31},

{(3.1.15)
Then, by (3.1.7), (3.1.9)and (3.1.12), wc get .
0= &P, TED e — 6(8'? )E{E £a +2‘pm J
Dy
~6(ep, | - £20ule 300 | 30 O
6 > 4 9,
2 2o (o
+12(w1{*£@ij £ (@] P _[w_J
2 ';GI 2 ';Dx ';Dx 2’ ';'9_1-
O=-zp, -2ep__ —cp, +2e 2L Puy
@

gy Dl . [wﬂ J
. o
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2
2@11‘ + 2';91-_“;;( —_ 2';5'“ ‘;'?r + 4 Wxxx _ 3{ ';‘gxx ] ,
';D,t @x ‘px

8 @I+¢}x_tt __itp_ix_ =0

ol o 2 o (3.1.16)

Inconsisient at the resonance paint 3 ,this means that the modificd
Korteweg-de Vrics cquation.II . docs not have the Painleve' property.

Now , lor j=4 we have from (3,1,14} .

0= Uy T e T PP — 3';0x“2.xx = 3‘;9“”2,3:

3
— @ty — ﬁ@xzulx - ﬁgox';ng:HS - 6';0.132 Hy_ iU,

i=1

1 & 3T &
+6¢, . [Z “k—:‘ufj|(3 ~ k)”:l-k +6 3 [Z u.’r—r‘”:‘]"S—k,x :
k=1Li=0 k=0l i=0
0= _HL.* - “I.m - (17;‘3’2 - 3@x”2,n‘ - 3'?1}:”2.::
2 3 3,2
Pty ~ 6@1’”3,)( - 6@:@11“] o sz;ﬂx!f|u3 - 6@1’”2
+ 60, [2:;ﬂ1£,113 +ulu, + uﬂug]+ 6 uéulx + 2unulrrz1x}

2
+ 6[2uﬂtfztfl_x +uguy b 2ugusug  + 2:{,:{2“,}‘1],
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_ 2
0= =y, — U 3qaxu2ﬂ — 3:;)1,:112.,( - 6goxu31x

+6ugny  + 12uguu,  + 6u,2u,,x ,
Since #; =0 forall j22, then :

0= TH T U e T 6“]2”1,1 ,

L Wi 61{121;Lx +) v =0, (3.1.17)

Then 4, is a solution of the modified Korteweg-de Vries
equation.]l .

Section (2.3).
Exact solution :

In ths section, we follow the idea to derive analytic solution
First, we deline ;

2
Prer 3| Pxx
S(py="22 = 3.2.1
) @y 2 [ Py ) { )
@,
Clp)=——-
== (3.2.2)

49



CHAFTER THREE EXACT 50LUTION

Where § and € arc the Schwartzian derivative and dimension of
velocity .
They are invariant under homographic transformation

g aga+,{3
yp+o
where a, 5,y and§ are constant

(@6~ By #0)

The compatability 5 and C gives :
S+ Cot2CS5+CS, =0, {3.2.3)

On the other hand . (3.1.12) and by &;=8 for all j 2 2.then :

pa

';9: +@xxx _ﬁg & =0 . (312"4)

';px 2 @x

[n term of the invariant derivatives € and 8. the PDE (3.2 4) can be
Summanzed as :

S=¢C (3.2.5)

And by the compatibility cquation (3.2.3) , therefore the Schwarzian
derivative § must satisfy the Korteweg-de Vries like equation

S!+3SST+S'I,’.LT= ﬂ: (3 2 6}

)



CHAPTER THREE ExAC T SOLUTION

Now to find solution of Korteweg-de Vries-like equation (3.2.6) .
The constant function § =222 with & constant are necessary solutions .

For $=+21’

We have : S{gix} = +£24°

case [ ;
For S=-21° : we have
S{p:x} =-2A7

Hence P(x)= A% in (III ) of Chapter One .and two lincarly independent
solutions are .

W = E(Oe® + Fne™ ' =Gltye™ + H(Ne™*

Therefore by Lemma (1.1.15) and {.emma (1.1.16) of Chapter One
obtains .

E(ye™ + F{Hye ™
Gne™ + H(t)e ™

@it.x) = . EH - FG =0, (3.2.7)
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CHAPTER THREE EXACT SOLUTION

By using (3.2.2) and (3.2.5) , then ;

=8=-—=-24 (3.2.8}

Now to find the equation of coefficients E{t) . F(t) .G{1} and 11{1) .
then :

[(G(I)E'(r) = E(G(8))e™ +(H(OF (6= F()i '{:))e'“*}
_LF GOF' @) - FOG(0)+ (H)E (1) - E(yH (1))
(G(tye* + H{ne™)

And,

_ R[G(f)f-’h + ”l:f){?"hIE(;)eh - Jr:{”e—}.r] / 1 N .
b _|:— ;.[E[I}EJJ + F[;)E_’-'IG“}EJH _H“]E-;J]:| ({'[”E +H{f}€ )2

_ 2A(H(NEW) - GUyFin)
(G(;)e"* + H(fje"“f

X

By (3.2.8). we get .

+HGUF (1) = FIOGO)+ (HOE' W) - EOH'()) ] )

{(GU)E'U) - EOGO} +(H(OF ) = F@Ore)e™? ]
C= =-24,

=24 (H(OEW)-G(F())



CHAPTER THREE ExACT SOLUIION

Then ;

(GHE ) - ENG (1)) e™ +{HIOF'(1) - FOH())e™ + GOF'(1)
= FOG (O +{H(OE'(1) - E(VH (N} = 42 (H(NEW) - GUF(D).

This leads to a sysiem of nonlinear ordinary differential equation in
cocfficients E{(t) . F(1) . G(1), and H{t) .

GE'-EG' =0 (1)
HE' ~FH' =0 (1)
(GF' = FG')+{HE - EH") = 42 (HE - GF) (7D

A particular solutionof (1 )and { [[ Yis :
E(t) =BG and  Fi) =AlifY)

where A, B are real arbitrary constant.

Then by substituting these into (11T}, we get .

AMGOH (1) - H(IOG'(0)+ B(H(OG (1) - GO ')
=4 H(OGNE - A),
— (4 - BYGW)IH (1) - HING ()= a4 HHING(1)(B - 4),
GH'(1) - H{OHG' () = 44 HNG(),

GYH'(1)- H{HG'()

=427,
H{)G (e
H() G _
H(n G )
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Then {3.2.7) . becomes .

(%) = BG(t) exp(Ax)+ AG(1) cxp(_ 40 — Ax)
P G(r) exp{Ax}+ G(ryexp{- 441 - ix)

. . l
And multiplving by — a2
plying b G[f}exp(.z.:)

_ Bexpl28 + Ax)+ Aexpl(- 24 - Ax)
- cxp(Zf’.' + z’!.:r)+ exp(— 24 - ;lr)

olr.x)

olt.x) = Be®™ + Ae™™
e +e*
B(sinh A& + cosh A& )+ A(cosh A& —sinh &)
2cosh AE ’
(B + A)cosh A& + (B - A)sinh A&
2cosh A&

= ¢lt,x)= K, + K, tanh i&

where K| = (B+ )f2, K, =(B- A)f2

. where £ = x + 2}’

7

where X; and K arc arbitrary constant

For K; =f2.
By substituting (3.2.9} into (3.1.9) . then

M- 2K A’ sec B’ Af 1anh A¢

JT"!Il = - )
2 K,Asech AS
(1)
= u, = gAtanh AS where £ = x +24%

¥

54
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CHAPTER THREE EXACT SULUTION

And by substituting (3.2.9} into (3.1.10) ,then ;

WK AgsechAE
1= + i,
f,tan A&
_ Aesech’Af
tanh A&
_ i{scch’i§+ tanh’ )..fj[

tanh A&

+sAtanh Af

i
= u=Agcoth A& where &= x + 217

(n i
Hence u(r.x} and (. x) in the above are exact solutions for
Modified Korteweg-de Vries (or KDV-11) cquation .

case Il -
for S=232 : we have -
S ={p,x} =237,

Flence P(x) = -1% in (111 ) of Chapter One .and two linearly independem
solutions are .

V= E(De™ + F(ne™ . V, =Grye™ + H{pye™

Therefore by Lemma (1.1.15) and [emma (1.1.16) of Chapter One
obtains |

E(t)e™ + F(re ™
G{he™ + Hine™ ~

@l x)= EH -FG =0, (3.2.10)
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CHAFTER THREE EXACT SOLUTION

By using {3.2.2) and {3.2.5), then ;

C=8§=-Y_2p

o (32.11)

where :
[(G{r]E‘(f} - E(O)G' (D)™ +{H(OF'(N-F()H '(:))e'“*}
+(GOF ()= FOG(O)+ (HOE (- EWH'(1))
(G(rye™ + r(tye ™y

f

and.
_ 2AHNEW) - GIOF(1))
(Ge* +H@)e ™)

then -

[(G{I}E'(r} — E(NG' ()™ +{H(OF' () - F(O)H '(r)}e‘”*‘]
o, |+(GWOF'()-FOGN)+ (HWE' () - E@H(1))
P - 4 (H(NEW) - GIOF()

Then the system of noniincar ordinary differential cquation with
coefficients E(t) , F(1) . G{1), and H{t}. beccomes .
GE'-EG'=0 (1)
HF'-FI'=10 ()
(GF' - FG )+ (HE' - EH Y= 44 (HE-GF) ————— (Jil)

A particular solution of (1) and { [[ )is:

Eft} =MG(t)  and  F{tjy =Nl
where M, N are real arbitrary constant |
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Substituting these into {111 , becomes .

B poplair)

(7 (f)
Then (3.2.10) | becomes .

(1.x)= MG () exp(Aix) + NG(r)exp{42it -~ Aix)
vi G(r)exp{iiv)+ G(r) expld Lt — Aix)

N ]
and multiplying by ——_ axpl— 2.4%¢
Gy S 224)

Aig —Ai )

Then :
M (sin A& + cos A& )+ N{cos A€ —sin A¢)
pli,x) = - \
2cos AL
B (M + N )cos Aé + (M - N)sin AE
B 2 cos AL

= rp(t,x)= Ky+ K, tan g (3.2.12})
where Ko = (M + N)f2 . Ky =(M-N)/2,

where X; and K are arbitrary constant |
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For K; =, and by substituting (3.2.12) in to (3.1 I then .
2 g 2K, A% sec? Af A

Hl _-——

2 Ky Asec? i&

k]

(2}
= ) =—Aglan AL where £ =x— 2%

And by substituting (3.2.12) into {3.1.10) , then :

@ K, Agsee? AF

=

" +ul
K tanAf

_Agsec’ A
tan A
F) 2 -
2{1&_[5::(: A —tan® Af _
L tan A&

- AtanAg,

(2]
= u = Aecot A& where £ = x~24%

(2 2 , : :
Henee wr,x) and s.(e.x) in the above are exact solutions for

Madified Korteweg-de Vries (or KDV-I1} equation .
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Complex modified Korteweg-de Vries
(or CMKDVI1) equation. .1




CHAFTER FiUR PAINLEVE FROPERTY

CHAPTER FOUR

[n1 this chapter we study the nonlinear reaction-diffusion
the complex modified system Korteweg-de Vries-[1 equation
(or CMKDV-I).

The Complex modified Korteweg-de Vries (or CMKDV-1I)
Equation-I11 .

Section 4.1
Painlevé property |

2
w, — 6|w| wo+w. . =0, (4.1.1)

Now . we arc going to illustrate the nature of the Painleve' st
on the complex modificd Korteweg-de Vries equation-11 (4.1.1) .
Since the absolute value | |in (4.1 1) brings some difficuity in the
calculations, lel w = + jv and separate the real and imaginary parts in
(4.1.1}, and obtain the system ;

i, —ﬁ(h‘i"f‘ 'V'z)”,r tUg =0, « (1) (4.1.2)
v, _G(M" + ‘-’2)vx T Ve F 0’<_ (H)

1 o . -I [ral )
Let uz—pZMﬁp"' . P=—-';—Zvj¢:--;
@ J=0 @ J=0
be the two series solutions of (4.1.1) .where p & t; and vy are analytic
functions in a neighborhood of the manifold at g=0,
First to find value of p . we need to find w, , v, , (47 )ty . (o7 +17)r,
and v, .

< o
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CHAPTER FOuRr PAINLEYE PFROFERTY

Then ;

o
2 -
u =Zt";-i“n¢’j 2

J=0k=0

u, =3 lu,, 0" + (- pupe ],

i=0
o

u, = lu, 0 +(j - ppot),

i=0

U =2 [, 00" +3(f = PV, 0,077 430 - Pl 07

f=0
* 3(j B p)(‘j —P- ])HLI@:@;-P_E + (Jr - p)ijﬂ'(pj-P-l
+3j-piJj-p-— l)”;@xfpﬂgﬂj_p_z
+H(i-pWj-p-Dj-p- Z)Itjl;bjgp‘i'pq’]’
and

2% i-2p
Vo= Z ivj-iv.t'p

J=0k=0

v,=2 [v, @ + (- pvoe’"],

j=

v, =2 v, 0+ (- pv,p,0 7,
j=t

Vow = 20,00 307 = P07 430 = I,

+3(j = p)i—p=Dv, plo " +(j- W o0
+3(/—pXi-p- l}u_,.n;ax.;an@;f‘ﬂ‘l
+(j=-pXi-p-D-p-2v,eie7,

a1
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Hence .

@ | f=I
—E-(uz+v")ux= Z[ZZ(‘H“&I""VHI)‘”;:‘:H

j=0 k=0 jud

iZHL‘k‘.+VIU*,}¢} ) -k - Dey ¢ J-3p-t
k=0i=0

Pk
+ i Z (H,'h!j,-_,- + vak—f)vj-k [}—k _ ”';ax]l‘;ﬂ‘j_Ep_’l

k=0i=0

Then (1) in {4.1.2), becomes :

Z [""Jr‘.a"??j_'rj +(j- F)"j‘?r'?’j_!,-l ]

j=0
o | =1 k

- 52 Z (ot AT e
F=0| k=0i=0

fok
. f=1p=]
+ZZ Wity +1’;‘“.&-f)‘{;‘-k (f—k—Dpy [p'F

k=ﬂ i:[_‘,l
’ Z["j,mmf REE TR TS § ) VR

U U= 8205 =
+3(j- PJ{_f-;’J-]]uJ’-@wa@f-p-i
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And (11} in (4.1.2), becomes :

— . . e
2 0’ (- pvieel P
=0

w | j-1 &
- GZ [Z Z (ﬂf”k-i TViVEo )"j-fr-I-I

j=0] k=04=0

Ok
+22(Hf”*-i+"'r‘"k-f)"’j-;,-(j-k—l)¢px -3

k=0i=0
+Z[vj'm¢}-fj +3{j_p)v.f.ﬂwx¢}j-p-1 +3(/- P]‘-’j,x@xxpj_p_l
F=0
+ 3‘(J - P}{J == l}‘lr'j-.xgjf_mj-ﬂ'z + (J - P)Vj(;ﬂﬂr.?}j-p-l
+3(j - P p-lv oy 0l TP
=PI =p=Dj-p~Dv;e00 P 1=0, (4.14)

By used the compeer of the low power in (4.1.3) or (4.1.4).

Then , clearly p=1I.
Now by associated the summation , and substituting p=17 into (4.1.3)

and (4.1.4) . we get.

u)
j-d ) =i
il T+ Z (J =3 200

j=3 J=2
i~k
- 62 ZZ Miltg_; ¥y 1;(_,}11) k1%
J=0] £=0i=0
j & .
+ ZZ(H,-H;;_,- + 1',-1}_,-)1!;4 (F-k—Dp, '?5’}_4
k=0i=l)
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LD TR ARSI VEK) PR D 3 TRk N
J=3 J=2 i=2

+ 230 =20 =3y 020"+ 3G =D 00’
=1 J=2

+ 2230 =20 -3, 0,007
j=l

+ 3= =20 -0l =0, (4.15)

f=0

And {4.1,4) becomes

= » = . -
Zvj-j;(f"' + 2 {J —3)Vj—2'§9:§f’J *
j=3 =2

< [ j-1 4
- GZ{Z Z(”i"k-i ViV }vj-k-lfrgox
F=0L k=Dix0

4

k
+ Z (”i"kn:‘ T ViV }v_,r'—k (j—k-Do, ] @™
k=07=0

* z:’-vj-3..1.'rrggj-4 + ZB(J - 3}vj-1.xxwij'4 + ZE(I - 3-]"?‘2--'-' w-"—x@j-4
j= J=2 =2

+ 230 =20 =3, 20’ D =00

j=I =2

+ 2.3/ - D0 -3V, L0000
Jml

+ 2 (=D -G -3veie’ ™ =0, (4.1.6)
J=0
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For j=0:

Then (4.1.5) becomes

(u& + v;} - qaf )= 0,

and (4.1.6) becomes
(ué + vc‘:' —qpf): 0,

They are lincarly dependent and yicld only the equation .

For /=1
The two cquations (4.1.3} and (4.1.6) are the same ,
and we have a relation :

Uglty +vyv, = —%@H {4.1.8)

Forj=2:
Then {4.1.5) becomes ,

|l %
— Myl — 3“0,::.:.1{9,1 - 62 (ui"k-i' +wv )ul—k,x
k=0i=0

2k
- 522(”:‘”&-:‘ + Vv )"2—& (] . k)'?’x = 3Up P — UgPrry =1,
k=0i=0
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6@, [(u,z + 0 }iﬂ + (u& —v] };2 + 21t0vuv1]~— 6(::3 + v }:Lx
— 3t , (41.*{,::, + 4w, + @, )— 340,140 5 — Mg (gﬂ, + @ ] = (),

and {(4.1.6). becomes :

1 &
—Vo@; =3V ®x =620, (i1t + V¥ }vlnk,x (4.1.9)
k=0i=0
2k
-6 Z Z (”a'”k-a‘ ViV }Vz-k (1 - k)@”x — I P VP =0,
k=0i=0

6y, [(u,z + 7 )vﬂ + (.r,ir{]2 -y, }uz + ZHUuzvu]— 6(1f§ +vg )vm.
= 3vg {duguy +vey) + 0, )=30.5, . = vol@, + 0 )= 0, (41.10)

Now, to find all coefficient of 4; and v, for (4.1.5) and (4.1.6) .

For j23:

|G -G =2)G -3y =60 - Dle +v2)+1242 g,
+12uv,0v, =@ (w4, .., ,0): j=012,... (4.1.11)

and

+12uv, 0,4,
+[( -0 - 2~ 3! - 60~ Dleg +v3)+12v; Jo, v,
=0, (Vv ...,V 0 J=0L2, . (4.1.12)

&b
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where
r,pl = _(Ji - 3}(@,uj_2 + 3@?1111-_2,:::; + B@Hrfj_lx + qomuj-_z)
e M3 =3 20 - 3)(¢§u jox PP ;-1)

-1l &
+60, 1, Z (”1“; TV )‘ 'SZ [Z (“;'”t-;' ViV )}‘j-k—l,x

— i

k=0L =0
A1k
~6¢, Z[Z (205 +vive )}U —k=Du iy, (4.1.13)
k=111=0

and,
©; =0~ 3MP0,2 30,7 e + 300 j2s F Pe¥;2)
Vot Vs =30 = DG =302+ 0,007,

-1
+6(‘9xvﬂ’ (“:”; -i TV ) 62{2 (”a'“k-;' ViV )}/j-k-i,x

i=1

41

&

—6p, Z("I"k-i T ViVie )jl(f ~k=1v,;, (4.1.14)
k=11 i=0

Resonances .

The determinant of the ceefficient matrix of the unknowns #; and v; in
the system of linear algebraic equation (4.1.11}and (4.1.12}is .

=D =-2)7-2
v-u=a0- Y :l 12”::"0?’:1}

1
— 6 = Daeg + v+ 120 |7

12yt

(=D -2}f-3) ,
—6(j - 1Xus +v2)+12v3 |
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and by relation (4.1.7) we get .

o[ -1G =5 et +128h, 200,

20,0, -0 -spgt 12,

Then

'?":[(J 5_;};? +24{_}-1L —Squu +vu}9 +l44uuv }

rp;’-[(;— 1)2(,'2 55t 120 -1) -Sj},a_:}.-jvj =

= (5128 42674 - 48, =472 + 60 b v, =0,

Then the resonances of the systemare -1,0,1,3,4and 5.

Section 4.2

analytic solution :

Let us truncate the series selution at the second term .and assume that
t; =0 for all j 22, then we are going to find a truncated series solution 10
the svstem (4.1.2) , ol the form .

W=y, y=-2 4y, (4.2.1)
?

HE



CHAPTER FOUR ANALYTIC SOLVTION

Now :

Let #;=v;=8 in the system algebraic equation (4.1.9) ,and (4.1.10},
we gel

. 2 2 2
("I = E";")x”ll](u] + vy )_ 1“1""'?")."“1_.1' +3§ﬂxx”ﬂ.x -3¢)x”1}.xr = Dot — Py = 0.

and (4.2.2)
Gy =ﬁwxvu(uf +vf ]- GPEV 2 + 3P Vo, = 30 Vo,cx = ProrVs = @r% = 0.

For j=3:
in the relations (4.1.13) and (4.1.14) .

and let s;=v; = uz=wy=0 [ then(4.1.13)and (4.1.14)
successively becomes :

C3= -6«;0#@40.:[“12 + w2)+ 60, Pestigph o + Pitlohy s+ Patlgtigy = 0.
and (4.2.3)
Cy=- EQI”DVDJ{”F +f )+ 60 PrVoM.x + Px¥eVg.xe + PV, = O

For j=4 :
in the relation (4.1.13) and (4.1.14) .
and let wy=v,=u;=vi=u~v=0 ,then(4.1.13) and (4.1.14)
successively \becomes :

Cy =1y, ~ 6(ul + v]2 Yty ) e =
and (4.2.4)

Cy =V, "‘5(1112 + "r'l2 WixF Vg = O

Then &g+ iv; and u +Hv are the two solutions of the original equation
of (4.1.1) .
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CHAPTER FOUR ANALYTIC SOLUTION
_

and the special solution in (4.2.3} , if 1, = v;=0 the condition {3;=C,;=0,

Ho e T o, =0,

(4.2.3)

Vo T V0, =0,

The functions |

na{f,x}= Acos(ax + a’t),

ani |
v, {1, x)= Asin{ax + a1

where A s a constant , satisfy the system (4.2.3) .
[lence it this case and by using (4.1.7) , we obtain .

(6,6 +v, (1,0 =l = A°
then,
@1, X) = Ax + B{1),

where B(t}is an arbitrary function

With this @ff,.x} the truncated solution (4.2.1) | becomes .

w(t,x) = — T costax + '),
Ax + B(f)

and

v(r, x) = /—15in{rxx + '),
Ax + B(1)
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CHAFIER FOUR ANALYTIC SOLUTION

Two functions in the above equations satisfy the original system
(4.1.2).

then

Alcos(ax + a’t) + isin(ax + a’t)]
Ax + B(£) ’
where a is arbitrary consaint .

wit,x)=

Is a special solution of the original equation (4.1.1),
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